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Abstract

A probabilistic approach introduced by LeJan and Sznitman (1997)
permits derivation of weak solutions to 3-d incompressible Navier-
Stokes equations whose Fourier transform may be represented by an
expected value of a stochastic cascade. This approach was extended
in Bhattacharya et al (2003) by methods which would yield unique
global solutions by a stochastic representation under “small initial
data conditions”. A connection to iterative contraction maps on ap-
propriate function space was also provided which would also yield local
existence and uniqueness under “short time” constraints, but without
stochastic cascade representations. In the present paper the authors
(i.) Provide a stochastic cascade representation for local solutions, and
(ii.) Provide time-asymptotics for global solutions from the stochastic
representation.
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1 Introduction & Preliminaries

A probabilistic approach was introduced by LeJan and Sznitman (1997) to
obtain weak solutions to 3-d incompressible Navier-Stokes (NS) equations
governing fluid velocities u(x,t) given by

?;:+u-Vu:uAu—Vp+g, V-u=0. (1)

This approach is based on a representation of of the Fourier transform of
u(z,t) by an expected value of a multiplicative stochastic cascade. In Bhat-
tacharya et al (2003) two related approaches are developed to obtain global
and local existence, uniqueness and regularity, including spatial analyticity,
of solutions to 3-dimensional incompressible Navier-Stokes (NS) equations.
One approach is probabilistic and involves the construction of a multiplica-
tive cascade solution to a related stochastic recursion in Fourier space which
generalizes that of LeJan and Sznitman (1997). The other approach is based
on Picard iterations in a suitably identified function space, generalizing those
considered by Cannone and Planchon (2000), Cannone and Meyer (1995).

The probabilistic approach is based upon an interpretation of the in-
tegral equation governing Fourier transformed velocities scaled by a multi-
plier 1/h. This is achieved in terms of the expected values of multiplica-
tive cascade solutions to stochastic recursions generated by certain multi-
type branching random walks in Fourier space. The transitions in wave-
number are of the form & — (&,&),& + & = &, with a transition proba-
bility kernel h(&1)h(&2)/h * h(£). This generalizes branching random walks
in the sense of LeJan and Sznitman (1997) for £ = 3 dimensions where
h&) = €172, ¢ € WP = R3\{0}. The holding time at wave number ¢ is ez-
ponentially distributed which, coupled with non-explosion, facilitated proofs
through the use of the strong Markov property in both LeJan and Sznitman
(1997) and in Bhattacharya et al (2003). More specifically, one considers the
equation (FNS), defined by

X(6.1) = e o(€) + [ vlefreo s (FNS), (2
where
1 1
{={5m(©) /w,gmw,gk) X, t=5)@ex (12, t=5) H(E, dmxdn)+5 (€, 1—5) }
g
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with

2h % hi(¢) e ey WED

= X&) = : :
v(2m)2 [¢[A(E) h(§) v|¢[?h(§)
and H (&, dn; x dny) is the transition probability kernel defined by

/f(m,nz)H(é,dm X dnp) = /WW f(&—- n,n)wdn (5)

for bounded, Borel measurable f. Also

W R 2 = —i(ee - 2)Terw, € = =, and meow = w — (eg - w)eg.  (6)

£
€l
So w1 is the projection of w onto the plane orthogonal to . The parameter
v > 0 is the viscosity parameter. Note the exceptional role of £ = 0 is linked
to the use of the wave number ¢ in defining the exponential waiting time
distribution with mean 1/v[¢|?.

Constructions of a particular class of the Fourier multipliers h, referred
to as majorizing kernels, satisfying an inequality of the form

hxh(€) < BIEPR(E), €e W, (7)

lead to either conditions for unique global solutions (with exponent 6 =
1) and/or local solutions (with exponent 0 < 6§ < 1.) The choice of the
constant B = 1 may be taken without loss of generality. Such majorizing
kernels are said to be standard. In particular, under assumptions on the
size of the initial data and forcings which guarantee the finiteness of the
indicated expected value, the probabilistic approach gives a representation
of the Fourier transform (¢, ) of the global solution of the evolution equation
in the LeJan-Sznitman form of an expected value

(€, t) = h(&)EeX (€,1)- (8)

Here X is a random multiplicative functional of scalar values m(-) and Fourier
transformed initial data and/or forcing (vector) values over the vertices of
a multi-type branching random walk tree initiated in time ¢ from a single
progenitor of type £. In general the scalar and vector valued factors are
evaluated at the wave-number (type) of the respective vertices appearing in
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the tree, with the initial and forcing terms appearing at the end-nodes. The
exponentially distributed holding times between branchings are determined
from the principal part of the equation, while the branching probabilities
depend on the lower order and forcing terms of the equation.

The second approach in Bhattacharya et al (2003) is purely analytic in
which the Fourier multiplier 1/h is used to identify a Banach space norm for
which iterations of the expected values may, under slightly more restrictive
conditions, be interpreted as Picard iterates of successive approximations
on a suitably identified function space defined via particular control of the
Fourier transform by a majorizing Fourier multiplier, e.g. u € &’ such that
|a(&,t)] < h(§). In particular, the Picard iteration may be expressed in terms
of a (strict) contraction operator on such a space. More specifically let us
define a Banach space with a norm that depends on a Fourier multiplier 1/h
as the completion of

e el
Frow ={v €806 =06 Wity o = sub =gy @ <o)

(9)
where v € {0, 1} serves to conveniently index two different norms one may
consider. Here S’ is the space of tempered distributions on R*. Also, implicit
to the definition of the Banach space F}, , 1 is the requirement that tempered
distributions belonging to this space have Fourier transforms which are func-
tions. In the case h(€) = |£]72, Fror is the Besov type space introduced by
Cannone and Planchon (2000). We will refer to such spaces F, 1 as ma-
jorizing spaces in the case when h is a majorizing kernel. The spaces Fj, 1 7
generalize those introduced by Lemarié-Rieusset (2000) to obtain conditions
for spatial analyticity of solutions found by LeJan and Sznitman (1997).
Remark 1.1 In order to restrict the solutions to correspond to (real) vector-
valued incompressible flows, one may simply replace the Banach space Fj, 1
by the closed subset

Gy = {0 € Fror: €-0(6,1) = 0,0(—, 1) = (6, 1), 6 e WP 0 <t < T}

(10)
Remark 1.2 It may be noted that a function space for Picard iteration in
physical (as opposed to Fourier) space-time was identified by Kato (1984)
in efforts to obtain existence and uniqueness for Navier-Stokes equations.
Kato’s function space was expressed in terms of energy estimates.
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The framework developed in Bhattacharya (2003) is also more generally
applicable to diverse classes of evolution equations, including certain linear
parabolic and fractional diffusion equations, semilinear reaction-diffusions,
and some quasilinear equations such as incompressible Navier-Stokes equa-
tions in dimension k£ > 2, as well as one-dimensional Burgers’ equation, and
the generalized fractional Navier-Stokes and the fractional Burgers equation
of the type considered by Biler, Funaki, and Woyczynski (1998). Even in the
case of linear parabolic equations, where the branching is unary, for example
a dual Feynman-Kac formula under the complex measure condition on coeffi-
cients is given by 1t6 (1965). In particular this approach makes It6’s complex
measure condition completely natural from a probabilistic point of view; see
Chen et al (2003), Kolokoltsov (2002), and references therein. Apart from
the investigation of conditions for existence and uniqueness of solutions, the
stochastic representation provides interesting new possibilities for numerical
Monte Carlo simulations, e.g. see Ramirez (2004). Additionally the analysis
of certain aspects of the behavior of solutions is made quite simple by the
stochastic representation, e.g. time-asymptotics for global solutions. Results
of this latter type will be included in the final section of the present paper.
A focus of the present paper is the extension of the stochastic representation
to local solutions of the 3d incompressible Navier-Stokes.

Local existence and uniqueness were obtained in Bhattacharya et al (2003)
of the type illustrated by the following theorem.

Theorem 1.1 Let h(§) be a standard majorizing kernel with exponent 6 < 1.
Fiz 0 < T < +o00,v € {0,1}. Assume |e""®ug(z)| € Fu,r and for some
1 <5 <2, (—A)_gg(x,t) € Fun~r Then there is a 0 < T, < T for which
one has a unique solution w € Fp~r,.

Remark Note that if & is a majorizing kernel of exponent § < 1 and u(x,t) €
FinrNCH(0,T),8") is such that @(¢, ) is a solution of the (FNS), u = 4 is a
mild solution of the Navier-Stokes. Indeed, the definition of majorizing kernel
and of the functional spaces F}, v imply that the product of distributions in
Fhqr is itself a distribution. To see this, note that if v and v are elements
of Fj 1 for a standard majorizing kernel h of exponent 6, |4 * 0(¢)| <
Mh x h(€) < MIE|Ph(E), where M = ||u||-7:h,w,T||U|-7:h,w,T. Using the definition
of a majorizing kernel, it follows that @ x ©(§) is locally integrable, so in

— ~

particular B(u,u)(&,t) = B(u,u)(€,t) as needed. Consequently, working in
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these function spaces, a direct relation between solutions obtained using the
stochastic representation and the solutions obtained using Picard iteration
methods can be obtained.

The organization of this paper is as follows. In the next Section 2 we
describe an extension of the stochastic recursion associated with integral
equations of the general form (FNS) which accommodates non-exponentially
distributed holding times; a detailed proof of the theorem required for this
extension is given in a PhD thesis by Orum (2004). In the next section this is
applied to obtain local solutions for short times by a stochastic cascade con-
struction. Finally we conclude this paper with results on the time-asymptotic
behavior of unique global solutions obtained from the stochastic cascade rep-
resentation.

2 Semi-Markov Cascades and Local Repre-
sentations

Let us consider integral equations of the general form

X(E61) = al& (& [t,00) + [ -+ (e, ds), (1)

where

Cr=ges [

and A — p(£,A),A € B([0,0)), and B — q(&,B), B € B(R*\{0}), are
probability measures for each £ € R¥\{0}.

The following examples include natural rescalings of standard equations
that put them in the form (11). However they are cast in terms of more
general rescaling which provides more flexibility. For fixed &, let G(&,t),t > 0,
be an arbitrary probability distribution function defined by a continuous
positive failure rate A(§,t) > 0, > 0, i.e. 57 A(, t)dt = oo, and

X1, t=5)Dex (€1 t-s)alE, dn) el 5,t-5), (12)

GEt) =1 — exp(— /Otx(g, s)ds), t>0. (13)

In the following examples we assume only that h : RF\{0} — (0,00) is
measurable and h *x h(§) < oo. We do not require that h necessarily be
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a majorizing kernel with exponent 6 for the general formulation, although
such considerations will emerge in the subsequent analysis.

Example 1.(Incompressible Navier-Stokes). Take k > 2. Then (11) is ob-
tained by Fourier transformation and orthogonal projection of a solution to
the k—dimensional incompressible Navier-Stokes with

e =aed pen =S8 se=EE
and .
P&, [t,00) = 1= G(&,t) = exp(— [ A€, )ds). (15)

In particular p(€, dt) has the pdf G/(€,) = A(E, t)e Jo &1 (1), Also,
define

o6, ) = =y (16)
Then
ale,) = mo(6 hxol€) = exp{— [ (1P M€ Ddspuole), (17
and )
b6.5) = e IO exp{= [ (W1 - el (9
Finally,

(et =) = re el [P = A& whdudolét =) (19

The (vector) product operation is defined by

W R 2 = —i(ee - 2)Terw, e =, and merw = w — (e¢ - w)eg. (20)

£
N
It may be noted that replacing the Laplacian by a fractional Laplacian op-
erator can be accomodated by minor adjustments.

Assuming for example that () € L', observe that one may take h(§) =
|to(€)]. In this case xo(&) = 1.
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Example 2. (Quasi-linear Burgers and Fractional Burgers Equations) Burg-
ers’ equation is the scalar equation

2
Ou _ Val — u@ + g, (21)
x

with initial data u(z,0) = up(z), x € R. One may also include k—dimensional
spatial variables x, but the function u(x,t) is a one-dimensional scalar. This
example is often regarded as the “one-dimensional” version of Example 1.
However, the absence of a notion of incompressibility in one dimension is a
major point of distinction. Since in one-dimension there will be no projection,
each of the & = 1 versions of the expressions defining x(¢,t),0(,t), p(&, dt),
q(&,dn), a(&,t), B(€), and c(, s,t — s),s,t > 0,& € R for Navier-Stokes will
apply. Since udu/0x = %auQ /0z, the same is true for b(&,t) up to the factor
of 2 which cancels. Also, apart from the complex factor —i = —/—1, the
multiplication operator ®; is ordinary arithmetic multiplication of complex
numbers. The modification required for fractional differentiation of the type
considered by Biler et al (1998) is a minor modification from the Fourier
perspective.

Example 3. (Linear Diffusion and Pseudo-differential Equations) If the
nonlinear term wu, is omitted from Burgers equation then the scalar forced
heat equation remains. In this case the stochastic recursion is birth-death in
the sense that the multiplication is either terminated or joined by a single new
factor at each random clock ring. The same holds true for the k—dimensional
scalar equation

0

5 = Lu—v(u+g, u(x,0) = u(x), (22)
where the Fourier transform of v is assumed to be a complex measure, and L
is a pseudo-differential operator with symbol v(x, £). That isy : RFx R¥ — C
is a measurable function such that £ — v(x, £) is continuous and polynomial
bounded, and for u € S(R¥),

Lu(x) = (2m)7F [ eé(x, ©)a(€)d (23)

To simplify the representation we assume that 9(d¢) is a probability measure.
In the absence of this assumption one further decomposes © into real and
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imaginary parts, followed by a corresponding Hahn decomposition; see Chen
et al(2003). Similarly, for simplicity assume v(x,&) = v(£). Basic examples
are furnished by symbols for fractional derivatives. One may note that large
classes of integro-differential equations are included in the generality of this
formulation. Under these assumptions one has

P&t o0)) == 1= G 1) = exp{ = [ A& 9)ds)
mole,t) = exp { [ ((€) + A& ))ds)

a(éa t) = mo(ﬁ, t)ﬂ0(§)7 b(§7 S) - - m0(§7 S)

IMES

2
(2m)2 A(E, 5)
2
t—8)=—— g(&,t — dn) = o(d
C(£>S7 8) >\<€7S)m0(€75)g(£7 S)a Q(ga 77) /U( 77)

(24)

Since there is no binary branching in this case, the operation ®, is unary

and does not explicitly appear.

Example 4. (Semi-linear Reaction-Diffusion) Here let us consider the k—dimensional
semi-linear scalar KPP equation

5’; — vAutulu—1)+g, u(x,0) = uo(x). (25)

In this case the coefficients of the general equation are given by
PIE[E00) = 1= G, 1) = exp(= [~ A& 5)ds)

mofe,t) = expl [ (A, s) — vlgl? — 1)ds)
iy (€) 2

a(§7t> - mO(gvt) h(f) ) b(f?‘S) = mmO(fas)
28O (Et—s) _ h(QhE—n)
C(éasvt ) )\(g’ S) 0(57 ) h(f) ) Q(gadn) h x h(f) dﬁ)
(26)

Here, as before, 3(§) = h * h(§)/h(€). Finally, w ®¢ z = zw is ordinary
multiplication of complex numbers. Once again the extension to pseudo-
differential reaction-diffusion equations is straightforward.
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v=1(21,2,...) €8V

LL LU L]

(112) (212 (222)

(11) (21) (22)

(1) (2)

Figure 1: Full binary tree with index set V and boundary dV. The path v =
(2,1,2,...) € 9V is indicated in bold, with v|0 = 0, v|1 = (2), v|2 = (21), and
v|3 = (212).

Remark In each of Examples 2-4 a stochastic representation is possible on
the real space side as well on the Fourier side. To date the same cannot be
said for Example 1.

The probabilistic interpretation of the general equation (11) is initiated
by viewing it as a recursion of expected values over a stochastic cascade in
which the holding times are distributed according to the probability distri-
bution p(&, dt). To construct this stochastic cascade requires some additional
notation and terminology. The vertex set V of a complete binary tree rooted
at # may be coded as (see Figure 1)

V=UZ{L2 ={0,<1><2><11>, ...}, (27)

where {1,2}% = {#}. Also let 0V = [[2{1,2} = {1,2}".
A stochastic model consistent with (11) is obtained by consideration of a
multitype branching random walk of nonzero Fourier wavenumbers &, thought

of as particle types, as follows: A particle of type £ # 0 initially at the root
0 holds for a random length of time Sy distributed according to p(&,dt).
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When this clock rings, a coin kg is tossed and either with probability % the
event [kg = 0] occurs and the particle is terminated, or with probability %
one has [ky = 1], the clocks are re-set and the particle is replaced by two
offspring particles of types 1, £ —n selected according to the probability kernel
q(&, dn). This process is repeated independently for the particle types n and
& —n rooted at the vertices < 1 >, < 2 >, respectively.

A more precise description of the stochastic model requires more notation.
For v = (vi,vq,...,v,) € V, let |v| = k, |8] = 0. For v. = (v,v9,...) €
oV, and j = 0,1,2,... let v[j = (vy,...v;), v|0 = 6. That is, for v €
dV, v|0,v|1,v|2,... may be viewed as a path through vertices of the tree
starting from the root v|0 = 6. For u,v € 9V, let [u Av| = inf{m > 1:
ulm # vim}.

The following requirements provide the defining properties of the under-
lying stochastic model. The model depends on the initial frequency (wave
number) &. For fixed £ # 0 let {(&,, k) : v € V} be the tree-indexed (discrete
parameter) Markov process starting at (&y, ko) with & = &, kg € {0, 1}, tak-
ing values in the state space (R*\{0}) x {0, 1}, and defined on a probability
space (2, F, P) by the following properties:

1. Pg(fg € B, Ko = /i) = %55(8), B e Bh, K € {0, 1}

2. For any fixed v € 9V, the sequence (&0, Kvjo), (Sof1s Ko1), (Soj2s Koj2), - - -
is a Markov chain with transition probabilities

Pe(Copnrr € B, Konyr = #lo({(€u, k) = [u] < n}))
= 54(¢, B) (28)

for B € B(R*\{0}), x € {0,1}.

3. For any u, v, € OV, {(&upm: Kupm) }oo—o and {(Eujm, Fujm) oo are condi-
tionally independent given o({(&y, k) : W] < JuAv|}).

4. For v. € V, &1+ &2 = & Pe — a.s., where vj = (v1...v,)j =
(v1-+-vn,7), j=1,2,...1s the concatenation operation.

5. Let {S, : v € V} be a collection of non-negative random variables
such that for each m > 1, conditionally given & = £ and & = {&, :
v € V,|v| > 1}, the random variables S,,v € V are independent with
respective (conditional) marginal distributions p(&,, ds).
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Our objective now is to use the stochastic branching model to recur-
sively define a random functional related to (11) through its expected
value. By a backward recursion one may define a (non-random) func-

tion f(z, 2%, s, s,k k1, t) where z € RF\{0}, 2" € (RF\{0})V",s €
0,00),5% €[0,00)Y", and « € {1,2}, k% € {1,2}V", where

Vii={veV:|v >1}, (29)
such that
f(z27, s, 8T ko kT ) = a2, 8) 100y (8) + Lo () 11y (K)b(2, T — 5)

f(z1, 27, s1, s]L, ki, ki, t—8) ®, f(z2, 25, Sa, s;, Ko, Kq,t —8)

+ Lpy(s)lp(r)e(z, s,t —s), (30)
where for z € SY we define

ot =) = (21,29, 711, T12, Ta1,...) € SV (31)

Jij = (%1, Ty2, Tylls Lu12, To21; Lu22, - - ) (32)

In the event that x, = 1 for all v the recursion may not terminate. In
this case one simply defines f(z,27,s,s", k, kT, t) = 0). Otherwise the
backward recursion is sure to terminate and f is well-defined.

For this given function f let us now define a random functional of the
random fields {&, : v € V},{k, : v € V}, and {5, : v € V} defined on
(Q, F, P) by the composition

X (0, 8)(w) = f(&(w), & (), So(w), Sy (w), Kp(w), kg (w), 1), w € €.
(33)
A careful formulation and details of a proof is given in a PhD thesis by
Orum (2004) which yields the following:

Theorem 2.1 If E|) (0,t)| < oo then a solution of (11) is given by
X&) = Egp=e (6,1).

We will conclude this section with an application to local existence the-
ory for Navier-Stokes via a semi-Markov cascade representation. Tak-
ing a constant failure rate A\(£,¢) = 0 > 0, this includes a special case
obtained by Orum (2004) of local existence having exponentially dis-
tributed holding times.
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Theorem 2.2 Assume that there is a 0 < T, < oo such that for all
¢ € RM\{0}, max{|a(&,t)], [b(€, )], supge es (€, 5,8 — 5)|} < 1 for 0 <
t < T,. Then x(&,t) = Ee,—¢X (0,t) solves (11) for 0 < ¢t < T, with
X&) < 1.

The following corollary is obtained by considering local solutions to
(FNS) in spaces Fjor where h is an exponent # majorizing kernel
for some 0 < 6 < 1. For this application GG is a gamma probability
distribution with shape parameter 1—;9 and scale parameter pv|¢|* for
fixed 0 < p < 1.

Corollary 2.1 Let h be a majom',gzing kernel of exponent 0 < 6 < 1.
1

Assume ug € Fpop, and (—A)_%g € Frnor for some T. Then there

is a T, <T and a unique solution v € Fpo1, to (FNS).

Proof Since uy € Fjop for a majorizing kernel h with exponent 6 €
[0,1), by re-scaling h we can assume that h has constant B and

oo _
Ul 7,00 < NED) ér;% eo‘/ s"T e *ds for some p € (0,1).
- S

2 =pa
For t < T, set
- g(&, s
Re(t) = sup ’5‘ (1+9)‘ }(l( )>|
0<s<t,ccw ¥ §

and M,(0) = 2(27r)_§11(1i29)(py)_%. Take

2

Ty = min(T, (BM, () 79).

and define . ,
T, = min(Ty, ((27)2 M,(8)Re(Ty)) 7).
Take 1460 6—1 ‘ |
oG, . _ (prl¢P) 2 te el
ot (&8) = (L) Ljo,00) (1),

2
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one has
( ) —vl¢*t
m f,t =
o6 Sz (pv[§1?) §9892 e—PvlEl*sds
146 e~
a>0 s:pas 7 e~ 5ds
So

|a(€,8)] = [xo(E)] - [ma(&, )] < 1.

Recall that by definition of a majorizing kernel of exponent 6 and con-

stant B one has §(§) = h*?) < BJ¢|%, Thus, for t < Tp,

1—|—9

bEt) = <27r>**r£w<> () prfg?) 5 e e mier
+ 6 149 1=6
< 2(2m)” QBF( 5 )(pV) e
— BM(O)T,F <1. (35)
Finally for t < T,
1+6 2 A8 o~ (L-p)rles| 5 _
lc(&,s,t—s)] = 2I( "; )(py|£|) €h(£) 9(&:t = s)]
< (2m)2M,(0)t 2 Ry(t)
< @n)SM(0)T,F Ry(Ty) < L. (36)
Thus the Corollary follows. [ ]

Example To illustrate the Corollary in the context of a specific exam-
ple take kK =3 and let # € [0,1) and r > 4 — 36. The function

how(€) = €701+ €)™

may be checked to be a majorizing kernel with exponent 6; in fact con-
structed as a log-convex combination of majorizing kernels, see Bhat-
tacharya et al (2003). For initial data and forcings satisfying Fourier
transform decay of the form

sup €l’(1+ [€])Juo(€)] < o0
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and for some t > 0,

sup [g(&, $)[[€[* (1 + [¢])" < o0
£,0<s<t

one obtains a local solution to (FNS) in Fho, 0T

3 Time-Asymptotic Steady State Solutions

In this section we compute time-asymptotics under supplemental condi-
tions for the existence of a unique global solution to 3-d incompressible
Navier-Stokes equations. For this we begin with the following theorem
from Bhattacharya et al (2003).

Theorem 3.1 Let h(§) be a standard majorizing kernel with exponent
0 =1 Fir 0 < T < +oo. Suppose that |uolz, = < (V21)°v/2 and

[(=2)7gly, . < (V2m)*v? /4. Then there is a unique solution u in the
ball By(0, R) centered at 0 of radius R = (\/27)3v/2 in the space Fp o1

Moreover the Fourier transform of the solution is given by (£, t) =

h(E)Ee) (1(€,1), € € W and t <T.

Corollary 3.1 Under the conditions of Theorem 3.1 with T = oo,
suppose further that limy_.., §(&,t) = §oo(&) ewists for each & # 0. Then

i (€) = lim (&, 1)
exists and satisfies the steady state Navier-Stokes

i (€) = [T el [ oo (1) B (€m0 (€) s (FNS).

Proof Observe that the underlying discrete parameter binary branching
is critical. Thus lim; . X (6,t) exists a.s. as a finite random product.
Moreover, under the conditions of Theorem 3.1 one has for each t > 0,
with probability one |X (#,¢)] < 1. Thus, by Lebesgue’s Dominated
Convergence Theorem

Xoo(§) = lim x(&,¢)
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exists for each . Now again apply Dominated Convergence to (F'N.S)j,

to obtain
o —v s 1 1
Xl©) = [T vigPe P LTm(©) [ o) Bexoo(Emacldn)+ 50w () s,
(37)
Multiplication thr(m)lgh by h(§) proves the assertion for G (§) = h(&)Xoo(§)
 2u(¢
and oo (€) = JiefEncey- u
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