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Let Ω be an open subset ofRn and let C∞(Ω) denote the space of infinitely differentiable functions
onΩ. A linear functionalu on C∞(Ω) is continuous if and only if there exists a compact subsetL of
Ω, a constantC > 0 and an integerm ≥ 0 such that

|<u, φ> | ≤ C max
|α |≤m

sup
x∈L

|Dαφ(x) |

for eachφ ∈ C∞(Ω). The restriction ofu to C∞c (Ω) is then a distribution withsupp(u) ⊆ L. It
is clear that the space of distributions with compact support may be identified withE ′(Ω), the dual
space of C∞(Ω).

Note each distribution with compact support has finite order. The smallest value of the integerm
above is the order ofu.

Theorem 1. Let u ∈ E ′(Ω) have orderm and supportK. Then for each relatively open subset
ω ⊆ Ω withK ⊆ ω we have a constantCω such that

|<u, φ> | ≤ Cω max
|α |≤m

sup
x∈ω

|Dαφ(x) |

for eachφ ∈ C∞(Ω).

Proof. By hypothesis there exists a compact subsetL of Ω and a constantC > 0 such that

|<u, φ> | ≤ C max
|α |≤m

sup
x∈L

|Dαφ(x) |

for eachφ ∈ C∞(Ω). Letχ ∈ C∞c (Ω) be chosen such thatχ = 1 in a neighborhood ofK. Then

|<u, φ> | = |<u, χφ> |
≤ C max

|α |≤m
sup

L
|Dα (χφ) |

≤ C max
|α |≤m

sup
L∩ω

∣∣∣∣∣∣
∑
β≤α

(
α

β

)
Dα−βχDβφ

∣∣∣∣∣∣
≤ Cω max

| β |≤m
sup

ω

∣∣Dβφ
∣∣ .
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Note the supremum is taken overω and the constantCω involves the derivatives ofχ. Sinceχ is 1 on
K and has support inω we expect some of the derivatives ofχ to be large onω ∼ K if ω is close to
K. Thus we can not expect to obtain an estimate just onK. Nonetheless we can compute<u, φ>
in terms of them–jet ofφ onK:

Theorem 2. Letu ∈ E ′(Ω) have orderm and supportK. If φ ∈ C∞(Ω) andDαφ(x) = 0 for each
|α | ≤ m andx ∈ K, then<u, φ>= 0.

See Schwartz [3], theorem XXVIII(28), chapter III(3), section 7, Friedman [1], theorem 24, chapter
3, section 6, Donoghue [6], theorem in part II(2), section 21. In the case the supportK is a regular
set in the sense of Whitney [5] we can actually obtain|<uk, φ> | → 0 if φk and its derivatives up
to a certain order (depending on theshapeof K) converge to0 uniformly onK – see Schwartz [3],
theorem XXXIV(34), chapter III(3), section 7 – but for a generalK this result does not hold. See
the example below. For related ideas see also Malgrange [2], especially chapter VII(7), and for a
monograph concerning differentiable functions see Tougeron [4].

Proof. Sinceu ∈ E ′(Ω) has orderm there exists a compact setL such that

|<u,ψ> | ≤ C max
|α |≤m

sup
L
|Dαψ |

for eachψ ∈ C∞(Ω). Note it follows thatK ⊆ L. For eachδ > 0 let Kδ be the closedδ-
neighborhood ofK and letχδ be the characteristic function ofKδ. Let ε > 0 be such that3ε <
dist(K, ∂Ω). Let ρ be a Friedrichs’ mollifier and let

χ′ε = ρε ∗ χ2ε

soχ′ε ∈ C∞c (Ω), supp(χ′ε) ⊆ K3ε andχ′ε = 1 onKε.

Sinceχ′ε = 1 in a neighborhood ofK (namelyKε) we have

<u,ψ>=<u, χ′εψ>

and therefore
|<u,ψ> | ≤ C max

|α |≤m
sup

L∩K3ε

|Dα (χ′εψ) |

for anyψ ∈ C∞(Ω).

If x ∈ K3ε we can choosey ∈ K with

|x− y | ≤ 3ε.

Let
g(t) = Dαφ(y + t(x− y)), 0 < t < 1,

so by Taylor’s theorem with remainder

Dαφ(x) = g(1) =
m−|α |∑

k=0

1
k!
g(k)(0) +

1
(m+ 1− |α |)!

g(m+1−|α |)(t′)
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for somet′ with 0 < t′ < 1, whereg(k)(0) is a linear combination ofDβφ(y) for β ≥ α and
|β | ≤ m. By hypothesis theng(k)(0) = 0 sincey ∈ K and|β | ≤ m. Thus

|Dαφ(x) | ≤ 1
(m+ 1− |α |)!

sup
0<t<1

∣∣∣ g(m+1−|α |)(t)
∣∣∣

≤ 1
(m+ 1− |α |)!

sup
0<t<1

∣∣∣Dm+1−|α |
t (Dαφ(y + t(x− y)))

∣∣∣
Sincex ∈ K3ε andy ∈ K we have

|Dαφ(x) | ≤ C max
| β |≤m+1

sup
K3ε

∣∣Dβφ
∣∣ εm+1−|α |

which yields
|Dαφ(x) | ≤ C ′ εm+1−|α |.

We have obtained this inequality for allx ∈ K3ε, |α | ≤ m, and allε > 0 with 3ε < dist(K, ∂Ω).
Now

Dαχ′ε(x) = ε−|α |
∫
χ2ε(x− εy)(Dαρ)(y) dy

implies
|Dαχ′ε(x) | ≤ C ε−|α |

for ε > 0. Thus by Leibniz’ formula

|Dα(χ′εφ) | ≤
∑
β≤α

(
α

β

) ∣∣Dβχ′ε
∣∣ ∣∣Dα−βφ

∣∣
≤ C

∑
β≤α

(
α

β

)
εm+1−| β |−|α−β |

onK3ε. Hence we have|<u, φ> | ≤ Cε if ε > 0 is small, that is,<u, φ>= 0.

Now here is the example promised above. It is taken from Schwartz [3], example at the end of chapter
III(3), section 7.

Example 3. Let uk be the distribution with compact support onR defined by

<uk, φ>= −k φ(0)− log(k)φ′(0) +
k∑

h=0

φ

(
1
h

)
for φ ∈ C∞(R). By Taylor’s theorem the isψ ∈ C∞(R) such that

φ(x) = φ(0) + φ′(0)x+ ψ(x)x2.

It follows

<uk, φ>= φ′(0)

(
k∑

h=1

1
h
− log(k)

)
+

k∑
h=1

ψ

(
1
h

)
1
h2
.
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The coefficient ofφ′(0) converges to the Euler–Mascheroni constant and since|ψ | is bounded on
[0, 1] the last sum (Euler’s series) converges. Hence by the Banach–Steinhaus theorem

<u, φ>= lim
k→∞

<uk, φ>

is continuous, that is, defines a distributionu. Moreover it is clear that

supp(u) =
{
x | x = 0, 1,

1
2
,
1
3
, · · ·

}
.

If φ ∈ C∞(R) andφ = 0 on supp(u) andφ′(0) = 0 then<u, φ>= 0. This example illustrates
theorem 1.

Now suppose we chooseφk ∈ C∞(R) such that0 ≤ φk ≤ 1
k and

φk(x) =

{
1√
k

for x ≥ 1
k

0 for x ≤ 1
k+1

If h ≥ 1 then the smoothness ofφk impliesDhφk

(
1

k+1

)
= 0 andDhφk

(
1
k

)
= 0. Thus by

definitionDhφk = 0 on supp(u) if h ≥ 1. On the other hand0 ≤ φk(x) ≤ 1√
k

for all x. Thus

Dhφk → 0 uniformly onsupp(u) for eachh ≥ 0 ask →∞. On the other hand

<u, φk>= lim
h→∞

h∑
j=1

φk

(
1
j

)
= lim

h→∞

k∑
j=1

1√
k

=
k√
k

=
√
k.

Thus theφk together withall their derivatives converge uniformly to 0 onsupp(u) but<u, φk >→
∞ ask →∞.

Proposition 4. Let a ∈ Rn, u ∈ E ′(Rn) and supposesupp(u) ⊆ {a}. Then there exist an integer
m ≥ 0 and constantscα ∈ C such that

u =
∑

|α |≤m

cαD
αδa.

Proof. Sinceu has compact support it has finite order, saym. If φk ∈ C∞(Rn) then by Taylor’s
theorem

φ(x) =
∑

|α |≤m

1
α!
Dαφ(a)(x− a)α + ψ(x)

whereψ ∈ C∞(Rn) andDβψ(a) = 0 for |β | ≤ m. By theorem 1 it follows that< u,ψ >= 0.
Thus<u, φ>=

∑
|α |≤m cαD

αδa where

cα =
(−1)|α |

α!
<u, (x− a)α> .

As you may expect there are similar structure theorems formultiple layers, that is, distributions
supported by submanifolds. That is true. See Schwartz, [3].

Let me leave you with a little exercise to play with:
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Exercise 1. Find all solutionsu ∈ D′(R) of the equationxmu = 0 wherem ≥ 0 is an integer.
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[4] Jean Claude Tougeron.Idéaux de Fonctions Différentiables. Springer–Verlag, Berlin, Heidel-
berg, New York, 1972.

[5] Hassler Whitney. Analytic extensions of differentiable functions defined in closed sets.Trans.
Amer. Math. Soc., 36:63–89, 1934.

[6] Jr. William F. Donoghue.Distributions and Fourier Transforms. Academic Press, New York and
London, 1969.

Copyright c© 2004 Bent E. Petersen - 5 - Oregon State University, Corvallis, Oregon


