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If fandg are locally integrable functions dR™ we define theconvolution productf x g of f andg

by
frg@) = [ 1=l

for thosexz, if any, for which the integral converges.

Theorem 1 (MINKOWSKI 's Inequality). Let1 < p < oo and let(X,2, dz) and (Y, B, dy) be
o—finite measure spaces. Letbe a complex value@l x % measurable function on the product

X x Y. Then
(J|[ o] d””)l/pf [([1oeora)” a

in the sense that the integral on the left exists if the one on the right is finite, and in this case the
inequality holds. Note the inequality may also be written as

H/asc,y)dy E 16w, d

Proof. If p = 1 the theorem follows immediately from theJBINI-TONELLI theorem. So assume

p>1andlet
’ 1/p
= [([1ownran) a<.

It follows that [ | ¢(z,y) |” dx < oo for almost ally. If (1/p) + (1/¢q) = 1 andg € L(Y) then

1/p
[ 190G d < Lo, (/|¢xy m)

by HOLDER's inequality. Thus

//|g o(e,y) | drdy < Clgll,.
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By the FUBINI-TONELLI theorem it follows that
/ lg(@)e(2,y) | dy < oo
for almost allz. Sinceg € £(Y") is arbitrary we see that
16w dy <o
for almost allz and soh(z) = [ ¢(x,y) dy exists for almost all:. Now by the FUBINI—TONELLI

theorem
]/mm o | < [ [ 1o@ote.0) |y < Cll,.

It follows that there exista’ € £LP(Y) with ||h'||, < C such that

/ g(a)h(z) dz = / g() (z) dz

for eachg € £L(Y). It follows thath(x) = h'(z) for almost allz and thereforeh[|, < C which is
what we wanted to prove.

Theorem 2 (YOUNG's Inequality). If 1 < p,q,7 < oo, %4—% =1+ 21, f e LP(R") and

g € L1(R™) then
fro@) = [ 1=l

exists for almost alk: and defines a functiofi x g € L"(R™). Moreover

1+ gl < £l llglly -

Proof. If » = oo then(1/p) + (1/q) = 1. Hence by HOLDER's inequality and the translation
invariance of LEBESGUEmMeasure

/ﬂfx— W) dy < I£1, lgll, -

Thus f « g(z) exists for eactr and| f * gl| ., < [|fl,, [l9ll,-

Next supposd < r < oo. Note thatp < r andg < r. Lets = p(1 —1/¢) = 1 — p/r and note
0 < s < 1. Lett =r/qgandnote that <t < oo. Defineq’ by (1/¢) + (1/¢') and notel < ¢’ < .
Now let

=/Wﬂx—ymwndy=/Wﬂx—ynkﬂ W) |/~ )| dy.

By HOLDER's inequality we have

<</Lﬂx—wﬁ1Qﬂg@Hq@>uq

If s =0theng = 1. If s # 0 thensq’ = p. In either case taking thg" powers we obtain

@y < [ 1f@ =)0t dy 111
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Thus by MNKowskKI's inequality we have

[
+ 1/t
< lfIe ( / ( / | fla =) "7 g(y) | dy) dx>
1/t
< 1 [ ([1e =0 g " ) ay

s 1—s
= A1 gl NI,

Butqt = r and(1 — s)r = p. Taking theg*" roots we obtain the inequality in the conclusion of the
theorem. O

If fisafunction orR™ anda € R™ we define tharanslationof f by a, 7, f, by

Taf(x) = f(z —a).

If $ € LYR"), [ ¢(z)dx = 1 ande.(z) = e "¢(e~'z) then the family of function®., € > 0, is
called amollifier. Note that/ ¢.(z) dz = 1.

Theorem 3. Let ¢, be a mollifier,l < p < oo and f € LP(R™). Then for eacl > 0

1956~ £, < [ Irast = £1, 16(o) | do

Proof. Since [ ¢(x)dz = 1 we have

£ be(x) — fla) = / (F(x— ey) — f(a)) b(y) dy.

Then by MNKOWSKI's inequality

(/ ’/ (flo =) = f(x)) olu) dy pdx>1/p
[ (156 s towr a) o

/ 7y = £l |6(3) | dy O

IS * ¢e = £,

IN

Corollary 4. Let¢ € £!(R™) and supposd ¢(z) dz = 0. If € > 0 let ¢ (z) = e "¢(e~'x). Then
forl <p < ooandf e LP(R™) we have

1556, < [ 17t = 11, 100wl dy:
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As an example of a mollifier define

Cfe(i—jal) el <
‘b(x)_{o if |2 > 1.

wherec is chosen so thaf ¢(z) dz = 1. Theng, is a continuous mollifier and.(z) = 0 if |z| > e.

Proposition 5. Let() be an open subset &f". Let(Uj)jeJ be a collection of open subsets(dfvith
unionU. LetE C U. If ENUj is a set ofLEBESGUEMeasure 0 for eacli then £ has measure 0.

Proof. Let ) be the countable set consisting of all open ballRhwith rational radius and rational
center coordinates. Then

Up=J{a | 1€@.acU;}

implies E is a countable union of sets of measure 0 of the férm ¢. O

Note it is essential that the; above be open.

If f € £1(Q,loc) then by the proposition above there is a larggstnsubset/ of Q2 on which f is
0 almost everywhere - just take the union of open sets on whigmishes almost everywhere. The
complement ot/ in Q is called thesupportof f in Q and is denoted by supp).

Proposition 6. If f:Q2 — C is continuous then

supf) = {zeQ | f(x) #0}.

Proof. Exercise. O

If Q2 is a topological space we denote Gy(Q2) the set of complex valued continuous functiongbn
each vanishing outside of some compact set. Such functions are said toongwact supportlf 2

is a smooth manifold we denote 3¢°(2) the infinitely often continuously differentiable functions
with compact support if2.

Lemma 7. Let ) be an open subset &" and let K be a compact subset 6f. Then there exists
P € C.(2) suchthad < ¢ <landy =1onkK.

We give two proofs.

Proof. 1. Letw be a relatively compact neighborhood &fwith @ C . By URYSOHNS lemma
there isy) € C(R™) such thad < ¢ < 1,4 = 1 0on K andy = 0 outsidew.
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Proof. 2. Let ¢. be a continuous mollifier chosen as above and let
vle) = [ xule-9)od)dy
= [xatonte -y = [ 6w y)dy
L

whereL is the closed—neighborhood of and3d = dist(K,092). If 0 < e < d theng = 1 on K
and the other properties are obvious. O

By introducing a smooth mollifier in place of the continuous one above, the second proof may be
used to show the existence of numerous smooth functions with compact support.

Theorem 8 (Density ofC.(Q2) in £LP(£2)). Let{2 be an open subset Bf* and letl < p < co. Then
C.(92) is dense inCP ().

Proof. We denote the EBESGUEmMeasure of a BREL setB by | B|. Since the simple functions are
dense inC?(Q) for p finite it suffices to show that we can approximate the characteristic fungtion
of a Borel setA of finite measure by a continuous function with compact support.cet0. By
regularity of LEBESGUEmMeasure there is a compact $6tC A and an open séf O A such that
|U ~ K| < €. By the lemma there i$ € C.(U) with 0 < ¢ < 1 such thaty = 1 on K. Now

Ixa — ¢ < xv — xx implies

Ixa —¢l, <|U~ K[V <e O

One can also base a proof owsIN's theorem that a measurable function with support with finite
measure coincides outside a set of arbitrarily small measure with a continuous function. See [2], p.
69 for the argument and p. 55 foulsIN's theorem.

Theorem 9 (Continuity of Translation in £P). Letl < p < oo, f € LP(R™) and define
0:R™ — LP(R™)

by 6(y) = 7, f. Thend is uniformly continuous.

Proof. Lete > 0. Choosgy € C¢(€2) such that|f — g|, < ¢/3. If y, 2 € R" andv = y — 2 then

A

Irgf =fll, < Amf =79l + imyg — gl + imag — .11,

2
< 3¢ + [y — ng”p

2
< Zetlng—gl,

by translation invariance of EBESGUEmMeasure. Since has compact support the supportf;
stays in a fixed compact sét for | v | < 1. Sinceg is bounded we have

| Tvg| < M xg for |v| < 1.
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It follows that
|Tvg — g|" < (2M)Pxg € LY(R™) for |v]| <1

Sinceg is continuous we have,g — g — 0 pointwise. By the dominated convergence theorem
J7vg —g|" dz — 0asv — 0 through any sequence (and sovas- 0). Thus there i$ > 0 such
that0 < § < 1and

1
Irog = gll, < ge i v <d O

Corollary 10 (Approximate identity). Let¢ € L}(R"), 1 < p < oo and letf € LP(R"). If
J ¢(x)dz =1thenf x ¢, — fin LP(R™) ase — 0. If [ ¢(x)dx = 0thenf x ¢ — 0in LP(R™)
ase — 0.

Proof. For the first case

19560~ £, < [ Iraf = £l 16(0) | do

The integrand is bounded B[ f|, | ¢ | € L'(R™) and goes td ase — 0 by continuity of trans-
lation. Thus the dominated convergence theorem yields the desired result. The second part is simi-
lar. O

Exercise 1. If ¢ above has compact support and is bounded we can avoid using the dominated
convergence theorem. See the proof of theorem 12. Then if in adfiaontinuously differentiable

we can obtain eLIPSCHITZ type estimatd|f * ¢, — pr < Ce by using the mean value theorem.
Try it.

Corollary 11. If 1 < p < o0, ; + ¢ =1, f € LP(R") andg € LI(R") then f * g is uniformly
continuous.

Proof.
frgle) - frgle) = / (r—af — 72 1) (—0)g(y) dy.

implies
| fb(@) = frgz)| < m—af = 7—2fll, llgll,- O

Examplel. A functionh onR” is said to be opositive typeif for each set of points:y, - - ,xny €
R™ the matrix(h(z; — x;)) is of positive type, that is, for eache C”

Z hz; — x)zZ5 > 0.
gk

Now if f € £2(R") defineh by

—=V

W) = (r-f | 1) = [ fla+ )T = £57
wheregV (z) = g(—=z). By the corollaryh is bounded and uniformly continuous.af,--- ,zy €

R™ andz € CN define
g=(x) = flaj + ) 2.
j
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Then
loel2= (g |gs) = 3 / fay + ) Flor ¥ ) de 27
7,k
= Zh(mjka)zjz*k.
7,k

Thush is of positive type. The functioh is called the RrTERsONtransformof f (in crystallogra-
phy). See BERGER[1]. It represents what can be reconstructed from x—ray diffraction data yhen
is the electron density in a crystal. The significance of tReTBRsONtransform is best understood
in terms of the BURIER transform.

Example2. Let

n+l *

T (L fef2)
ThenP(z,€) = ¢.(z) is a mollifier called the BEL—Poissonkernel Explicitly

F n+1> €
nt1

P(x,e) = (@1 [2]2)5

3
W[
-

™

and for anyf € LP(R"),1 <p < o0

/ P(x —y,0)f(y) dy — f(x)

in £P(R™) ase — 0.

Note ifn = 1 thenP(z,¢e) = 1 =+, Is the well=known Bi1ssoNkernel of the upper half plane
in R2.
Example3. Let t
P(x) = /2 el
Then

W(z,€) = g9 e(x) = (4me)~"/2 o lol*/4e

is called the Quss—WEIERSTRASSKernel If 1 <p < coandf € LP(R™) then

/ W — v, 0)f(y)dy — f(z)

in LP(R™) ase — 0.

One important application of the convolution productrégularization of functions, that is, the
approximation of functions by smooth functions. Let

) eVt ift>0
u =
0 if t <0.

Sincet~*e~1/* — 0 ast — 0 we see that, € C°(R). Now let

p(x) = cu(l — |z|?), = €R"
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Thenp € C*(R™) andp(z) = 0if || > 1. Moreover, for a suitable choice of the constante
havep(z) > 0 and [ p(z) dz = 1. As usual we let

n —1

pelz) = € "p(c \a).

Then

1. pc € CE(R™)

2. supppe={zeR” | |z|<e}
3. pe(x) =20

4. [ pe(x)da =1.

We will refer top,, satisfying these four properties, asRIEDRICHS mollifier.

Theorem 12. Letp, be a Friedrichs’ mollifier. Iff € £1(R™,loc) then the convolution

J o pole) = / F(@— y)pely) dy = / f(z — ey)ply) dy

exists for eaclr € R™. Moreover

1. f*p. € C(R")

2. supp(f * pc) C closede—neighborhood ofupp f.

.ifl<p<ocandf e LP(R™) thenf xp. — fin LP(R™) ase — 0. Indeed
If = pell, < suppy<c If =7 f1l,,-

4. if K is a compact set of points of continuity pthen f x p. — f uniformly onK
ase — 0.

Proof. The convolution exists for eachbecause the mollifier has compact support. Note. (x) =
[ pe(z—y) f(y) dy yields fxp. € C°(() R™) by standard results on differentiating under the integral
sign (sincep has compact support). The second statement is obvious and the third follows from

19 = £5pely < [ et = Fll,p0) dy < sup 1 f = £,

ly|<e

where we used that has support in the unit ball. Lét be a compact set of points of continuity of
f. The standard calculus argument thfais uniformly continuous ori actually shows a little bit
more: letn > 0, then there i$ > 0 such that ifz € K, z € R™ and|z — z| < J then it follows that
|f(z) — f(2)] < n. Note we do not require to be inK. Now

(@) — [ % pela) = / U@ =T 0)p)dy
Hence if0 < € < § then

F(@) — [Hpe) < /| V@) =16 = o) dy
< n/pe(y)dy

= 7N
for eachr € K. O
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Corollary 13. If €2 is an open subset @™ and K is a compact subset ¢? then there exists
¢ € CX(Q)with0 < ¢ <1suchthatp) =1onkK.

Note theorem 16 below, the finite partition of unity theorem, is a useful generalization of corollary
13.

Proof. Leté = % dist(K, 02) > 0and letf be the characteristic function of the clogeeheighborhood
of K and let0 < € < 0. Theng = f * p. € C°(R™) has support in the closed—neighborhood of
K and so has compact supportiin Clearly0 < ¢ < 1 and¢ = 1 on the(é — e¢)—-neighborhood of
K. O

Corollary 13 and a slight modification of the (first) proof of theorem 8 yield easily

Theorem 14 (Density ofC°(Q2) in LP(£2)). Let2 be an open subset & and letl < p < .
ThenCg°(2) is dense inCP ().

The assertion in theorem 12 that the supporf efp. is contained in the closedneighborhood of
supp f is special for the Friedrichs’ mollifier. In general

supp f * ¢ € supp f + supp ¢.

if ¢. is a mollifier with compact support. For example, Iebe a closed convex cone R* with
nonempty interiol™. LetQ = {z €I'* | |z| <1}. By the corollary there is a nontrivial €
C°(Q) with 0 < ¢. Multiplying phi by a positive constant if necessary we may arrange to have
J ¢(x) dz = 1. Now supposef € L!(R™,loc) andsupp f C I'. Thensupp f * ¢. C T, that s,

we can approximatg by smooth functions with support in. An important special case is the case
wherel is a closed half-space.

Corollary 13 may be used to show the existencemboth partitions of unity

Theorem 15 (Partition of unity). Let{) be an open subset &" and letU;, j € J, be a locally
finite open cover of? such that eaclt/; has compact closure ift. Then there exisp; such that

¢; €CE(U;), ¢;>0 and Y ¢;(x) =1foreachz € Q.
i€l

Proof. By the shrinking lemma for J spaces there exist open setswhich form a covering of2
and which satisfyo; C U; for eachj € J. Now choose); € C(U;) such thath < ¢; < 1
andy; = 1 onw,. The sumy(z) = Zj 1;(x) is locally finite and bounded below by Thus
¥ € C(Q) andl < . Now letg; = /1. O

We callg;, j € J, asmooth partition of unitgubordinate to the locally finite open covgy, j € J.

Partitions of unity are used to glue local objects together to obtain a global object. If we can make do
with afinite partition of unityin a neighborhood of a compact set, we can give an argument which
does not involve division (and so may be useful in a more general context).
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Theorem 16 (Finite partition of unity). Let K" be a compact subset &" and let(U;),_, , .. y
be a finite open cover dk'. Then there exist functions; € C2°(U;) such thatp; > 0 for each
j=1,2,--- N and

in a neighborhood ofx.

Proof. (See [2], p. 40). For each € K let V, be an open neighborhood ofsuch thatV,, is a
compact subset of eadh; with « € U;. SinceK is compact there is a finite set, x,- - -,z In
K such that

s

Kcl|]v,.

k

1

Now for eachyj let K; be the union of thos& ,, which are contained itV;. ThenK; is compact,
K; C U; and
KCKU---UKp.

By corollary 13 we may choosg; € C*(U;) so0 < ¢; < 1in a neighborhood of;. Finally let
¢1 (0

b2 (1 — 1) o
3 = (I—11) (1 —b2) s

éon = (I—=v1)(1—=v2)--(1=tYn_1)YN

Clearly0 < ¢; for eachj and

pr+-+on=1—(1—191) (1 —¢2)--- (1 —on).

Since

=

Kcl|JK;

1

J

for eachr € K thereisj so thaty;(z) = 1. Thus¢, + - -- + ¢ = 1 on K. To obtain the equality
on a neighborhood ok we would start by enlarging’ a bit first. O

As another application of regularization by convolution we will prove an important theorey of
Bois-REYMOND (which is related to the so called fundamental lemma of the calculus of varia-
tions). This theorem allows us to identify (equivalence classes of) locally integrable functions with
distributions.

Theorem 17 Pu Bols-REYMOND). Let Q be an open subset @&". If f € £(Q,loc) and
[ f(z)¢(x) dz = 0 for each¢ € C2°(Q2) thenf = 0 almost everywhere if?.
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Proof. Letw be a relatively compact subset@f Choose) so thatd < 2§ < dist(w, 092). Let K be
the closedi-neighborhood ofs so K is a compact subset 6f. Now lety) = ¢ soy f € L1(R™)
(after extendingf to R™ by 0). Let p. be a Friedrichs’ mollifier. Ifr € w and0 < € < § then

(f) * pele) = / (F)(& - 4)pe(y) dy
/f(x —y)pe(y) dy
/f(y)pe(x —y)dy

0

sincer € w, 0 < e < §imply z — y € K which impliesy(z — y) = 1 and alsay — p.(z —y) €
C2°(Q2). Now by the approximate identity theorem (theorem 10) we ligy@ +p. — 1 f in L1 (R™).
Thusvy f = 0 almost everywhere, and sb= 0 almost everywhere iw. Sincef? is a countable
union of sets satisfying the hypotheses assumed foe havef = 0 almost everywhere ie. O
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