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If f andg are locally integrable functions onRn we define theconvolution productf ∗ g of f andg
by

f ∗ g(x) =
∫
f(x− y)g(y) dy

for thosex, if any, for which the integral converges.

Theorem 1 (MINKOWSKI ’s Inequality). Let 1 ≤ p < ∞ and let(X,A, dx) and (Y,B, dy) be
σ–finite measure spaces. Letφ be a complex valuedA × B measurable function on the product
X × Y . Then (∫ ∣∣∣∣ ∫ φ(x, y) dy

∣∣∣∣p dx)1/p

≤
∫ (∫

|φ(x, y) |p dx
)1/p

dy

in the sense that the integral on the left exists if the one on the right is finite, and in this case the
inequality holds. Note the inequality may also be written as∥∥∥∥∫ φ(·, y) dy

∥∥∥∥
p

≤
∫
‖φ(·, y)‖p dy.

Proof. If p = 1 the theorem follows immediately from the FUBINI –TONELLI theorem. So assume
p > 1 and let

C =
∫ (∫

|φ(x, y) |p dx
)1/p

dy <∞.

It follows that
∫
|φ(x, y) |p dx <∞ for almost ally. If (1/p) + (1/q) = 1 andg ∈ Lq(Y ) then∫

| g(x)φ(x, y) | dx ≤ ‖g‖q

(∫
|φ(x, y) |p dx

)1/p

by HÖLDER’s inequality. Thus∫ ∫
| g(x)φ(x, y) | dx dy ≤ C ‖g‖q .
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By the FUBINI –TONELLI theorem it follows that∫
| g(x)φ(x, y) | dy <∞

for almost allx. Sinceg ∈ Lq(Y ) is arbitrary we see that∫
|φ(x, y) | dy <∞

for almost allx and soh(x) =
∫
φ(x, y) dy exists for almost allx. Now by the FUBINI –TONELLI

theorem ∣∣∣∣ ∫ g(x)h(x) dx
∣∣∣∣ ≤ ∫ ∫ | g(x)φ(x, y) | dy dx ≤ C ‖g‖q .

It follows that there existsh′ ∈ Lp(Y ) with ‖h′‖p ≤ C such that∫
g(x)h(x) dx =

∫
g(x)h′(x) dx

for eachg ∈ Lq(Y ). It follows thath(x) = h′(x) for almost allx and therefore‖h‖p ≤ C which is
what we wanted to prove.

Theorem 2 (YOUNG’s Inequality). If 1 ≤ p, q, r ≤ ∞, 1
p + 1

q = 1 + 1
r , f ∈ Lp(Rn) and

g ∈ Lq(Rn) then

f ∗ g(x) =
∫
f(x− y)g(y) dy

exists for almost allx and defines a functionf ∗ g ∈ Lr(Rn). Moreover

‖f ∗ g‖r ≤ ‖f‖p ‖g‖q .

Proof. If r = ∞ then (1/p) + (1/q) = 1. Hence by ḦOLDER’s inequality and the translation
invariance of LEBESGUEmeasure∫

| f(x− y)g(y) | dy ≤ ‖f‖p ‖g‖q .

Thusf ∗ g(x) exists for eachx and‖f ∗ g‖∞ ≤ ‖f‖p ‖g‖q.

Next suppose1 ≤ r < ∞. Note thatp ≤ r andq ≤ r. Let s = p(1 − 1/q) = 1 − p/r and note
0 ≤ s < 1. Let t = r/q and note that1 ≤ t <∞. Defineq′ by (1/q)+(1/q′) and note1 < q′ ≤ ∞.
Now let

h(x) =
∫
| f(x− y)g(y) | dy =

∫
| f(x− y) |1−s | g(y) | | f(x− y) |s dy.

By HÖLDER’s inequality we have

h(x) ≤
(∫

| f(x− y) |(1−s)q | g(y) |q dy
)1/q ∥∥| f ′ |s∥∥

q′ .

If s = 0 thenq = 1. If s 6= 0 thensq′ = p. In either case taking theqth powers we obtain

h(x)q ≤
∫
|f(x− y)|(1−s)q|g(y)|q dy ‖f‖sq

p .
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Thus by MINKOWSKI ’s inequality we have

‖h‖t
qt = ‖hq‖t

≤ ‖f‖sq
p

(∫ (∫
| f(x− y) |(1−s)q | g(y) |q dy

)t

dx

)1/t

≤ ‖f‖sq
p

∫ (∫
| f(x− y) |(1−s)qt | g(y) |qt

dx

)1/t

dy

= ‖f‖sq
p ‖g‖q

q ‖f‖
(1−s)q
(1−s)qt .

But qt = r and(1− s)r = p. Taking theqth roots we obtain the inequality in the conclusion of the
theorem.

If f is a function onRn anda ∈ Rn we define thetranslationof f by a, τaf , by

τaf(x) = f(x− a).

If φ ∈ L1(Rn),
∫
φ(x) dx = 1 andφε(x) = ε−nφ(ε−1x) then the family of functionsφε, ε > 0, is

called amollifier. Note that
∫
φε(x) dx = 1.

Theorem 3. Letφε be a mollifier,1 ≤ p <∞ andf ∈ Lp(Rn). Then for eachε > 0

‖f ∗ φε − f‖p ≤
∫
‖τεyf − f‖p |φ(y) | dy.

Proof. Since
∫
φ(x) dx = 1 we have

f ∗ φε(x)− f(x) =
∫

(f(x− εy)− f(x)) φ(y) dy.

Then by MINKOWSKI ’s inequality

‖f ∗ φε − f‖p =
(∫ ∣∣∣∣ ∫ (f(x− εy)− f(x)) φ(y) dy

∣∣∣∣p dx)1/p

≤
∫ (∫

| f(x− εy)− f(x) |p |φ(y) |p dx
)1/p

dy

=
∫
‖τεy − f‖p |φ(y) | dy

Corollary 4. Letφ ∈ L1(Rn) and suppose
∫
φ(x) dx = 0. If ε > 0 let φε(x) = ε−nφ(ε−1x). Then

for 1 ≤ p <∞ andf ∈ Lp(Rn) we have

‖f ∗ φε‖p ≤
∫
‖τεyf − f‖p |φ(y)| dy.
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As an example of a mollifier define

φ(x) =

{
c(1− |x|) if |x| ≤ 1
0 if |x| > 1.

wherec is chosen so that
∫
φ(x) dx = 1. Thenφε is a continuous mollifier andφε(x) = 0 if |x| ≥ ε.

Proposition 5. LetΩ be an open subset ofRn. Let(Uj)j∈J be a collection of open subsets ofΩ with
unionU . LetE ⊆ U . If E ∩ Uj is a set ofLEBESGUEmeasure 0 for eachj thenE has measure 0.

Proof. LetQ be the countable set consisting of all open balls inRn with rational radius and rational
center coordinates. Then

Uj =
⋃

{ q | q ∈ Q, q ⊂ Uj }

impliesE is a countable union of sets of measure 0 of the formE ∩ q.

Note it is essential that theUj above be open.

If f ∈ L1(Ω, loc) then by the proposition above there is a largestopensubsetU of Ω on whichf is
0 almost everywhere - just take the union of open sets on whichf vanishes almost everywhere. The
complement ofU in Ω is called thesupportof f in Ω and is denoted by supp(f).

Proposition 6. If f :Ω → C is continuous then

supp(f) = {x ∈ Ω | f(x) 6= 0 }.

Proof. Exercise.

If Ω is a topological space we denote byCc(Ω) the set of complex valued continuous functions onΩ
each vanishing outside of some compact set. Such functions are said to havecompact support. If Ω
is a smooth manifold we denote byC∞

c (Ω) the infinitely often continuously differentiable functions
with compact support inΩ.

Lemma 7. Let Ω be an open subset ofRn and letK be a compact subset ofΩ. Then there exists
ψ ∈ Cc(Ω) such that0 ≤ ψ ≤ 1 andψ = 1 onK.

We give two proofs.

Proof. 1. Let ω be a relatively compact neighborhood ofK with ω ⊆ Ω. By URYSOHN’s lemma
there isψ ∈ C(Rn) such that0 ≤ ψ ≤ 1, ψ = 1 onK andψ = 0 outsideω.
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Proof. 2. Let φε be a continuous mollifier chosen as above and let

ψ(x) =
∫
χL(x− y)φε(y) dy

=
∫
χL(y)φε(x− y) dy =

∫
L

φε(x− y) dy

whereL is the closedδ–neighborhood ofK and3δ = dist(K, ∂Ω). If 0 < ε < δ thenφ = 1 onK
and the other properties are obvious.

By introducing a smooth mollifier in place of the continuous one above, the second proof may be
used to show the existence of numerous smooth functions with compact support.

Theorem 8 (Density ofCc(Ω) in Lp(Ω)). LetΩ be an open subset ofRn and let1 ≤ p <∞. Then
Cc(Ω) is dense inLp(Ω).

Proof. We denote the LEBESGUEmeasure of a BOREL setB by |B|. Since the simple functions are
dense inLp(Ω) for p finite it suffices to show that we can approximate the characteristic functionχA

of a Borel setA of finite measure by a continuous function with compact support. Letε > 0. By
regularity of LEBESGUEmeasure there is a compact setK ⊆ A and an open setU ⊇ A such that
|U ∼ K| < εp. By the lemma there isφ ∈ Cc(U) with 0 ≤ φ ≤ 1 such thatψ = 1 onK. Now
|χA − φ| ≤ χU − χK implies

‖χA − φ‖p ≤ |U ∼ K|1/p < ε.

One can also base a proof on LUSIN’s theorem that a measurable function with support with finite
measure coincides outside a set of arbitrarily small measure with a continuous function. See [2], p.
69 for the argument and p. 55 for LUSIN’s theorem.

Theorem 9 (Continuity of Translation in Lp). Let1 ≤ p <∞, f ∈ Lp(Rn) and define

θ :Rn → Lp(Rn)

byθ(y) = τyf . Thenθ is uniformly continuous.

Proof. Let ε > 0. Chooseg ∈ Cc(Ω) such that‖f − g‖p < ε/3. If y, z ∈ Rn andv = y − z then

‖τyf − τzf‖p ≤ ‖τyf − τyg‖p + ‖τyg − τzg‖p + ‖τzg − τzf‖p

≤ 2
3
ε+ ‖τyg − τzg‖p

≤ 2
3
ε+ ‖τvg − g‖p

by translation invariance of LEBESGUEmeasure. Sinceg has compact support the support ofτvg
stays in a fixed compact setK for | v | ≤ 1. Sinceg is bounded we have

| τvg | ≤M χK for | v | ≤ 1.
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It follows that
| τvg − g |p ≤ (2M)pχK ∈ L1(Rn) for | v | ≤ 1.

Sinceg is continuous we haveτvg − g → 0 pointwise. By the dominated convergence theorem∫
| τvg − g |p dx → 0 asv → 0 through any sequence (and so asv → 0). Thus there isδ > 0 such

that0 < δ ≤ 1 and

‖τvg − g‖p <
1
3
ε if | v | < δ.

Corollary 10 (Approximate identity). Let φ ∈ L1(Rn), 1 ≤ p < ∞ and letf ∈ Lp(Rn). If∫
φ(x) dx = 1 thenf ∗ φε → f in Lp(Rn) asε→ 0. If

∫
φ(x) dx = 0 thenf ∗ φε → 0 in Lp(Rn)

asε→ 0.

Proof. For the first case

‖f ∗ φε − f‖p ≤
∫
‖τεyf − f‖p |φ(y) | dy.

The integrand is bounded by2 ‖f‖p |φ | ∈ L1(Rn) and goes to0 asε → 0 by continuity of trans-
lation. Thus the dominated convergence theorem yields the desired result. The second part is simi-
lar.

Exercise 1. If φ above has compact support and is bounded we can avoid using the dominated
convergence theorem. See the proof of theorem 12. Then if in additionf is continuously differentiable
we can obtain aL IPSCHITZ’ type estimate‖f ∗ φε − f‖p ≤ Cε by using the mean value theorem.
Try it.

Corollary 11. If 1 < p < ∞, 1
p + 1

q = 1, f ∈ Lp(Rn) andg ∈ Lq(Rn) thenf ∗ g is uniformly
continuous.

Proof.

f ∗ g(x)− f ∗ g(z) =
∫

(τ−xf − τ−zf) (−y)g(y) dy.

implies
| f ∗ b(x)− f ∗ g(z) | ≤ ‖τ−xf − τ−zf‖p ‖g‖q .

Example1. A functionh onRn is said to be ofpositive typeif for each set of pointsx1, · · · , xN ∈
Rn the matrix(h(xi − xj)) is of positive type, that is, for eachz ∈ Cn∑

j,k

h(xj − xk)zjzk ≥ 0.

Now if f ∈ L2(Rn) defineh by

h(x) =
(
τ−xf

∣∣ f) =
∫
f(x+ y)f(y) = f ∗ f∨

whereg∨(x) = g(−x). By the corollaryh is bounded and uniformly continuous. Ifx1, · · · , xN ∈
Rn andz ∈ CN define

gz(x) =
∑

j

f(xj + x) zj .
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Then

‖gz‖22 =
(
gz

∣∣ gz

)
=

∑
j,k

∫
f(xj + x)f(xk + x) dx zjzk

=
∑
j,k

h(xj − xk) zjzk.

Thush is of positive type. The functionh is called the PATTERSON transformof f (in crystallogra-
phy). See BUERGER[1]. It represents what can be reconstructed from x–ray diffraction data whenf
is the electron density in a crystal. The significance of the PATTERSON transform is best understood
in terms of the FOURIER transform.

Example2. Let

φ(x) =
Γ(n+1

2 )

π
n+1

2

1

(1 + |x|2)n+1
2

.

ThenP (x, ε) = φε(x) is a mollifier called the ABEL–POISSONkernel. Explicitly

P (x, ε) =
Γ(n+1

2 )

π
n+1

2

ε

(ε2 + |x|2)n+1
2

and for anyf ∈ Lp(Rn), 1 ≤ p <∞∫
P (x− y, ε)f(y) dy → f(x)

in Lp(Rn) asε→ 0.

Note if n = 1 thenP (x, ε) = 1
π

ε
ε2+x2 is the well–known POISSONkernel of the upper half plane

in R2.

Example3. Let
φ(x) = π−n/2 e−|x|

2
.

Then
W (x, ε) = φ2

√
ε(x) = (4πε)−n/2 e−|x|

2/4ε

is called the GAUSS–WEIERSTRASSkernel. If 1 ≤ p <∞ andf ∈ Lp(Rn) then∫
W (x− y, ε)f(y) dy → f(x)

in Lp(Rn) asε→ 0.

One important application of the convolution product isregularization of functions, that is, the
approximation of functions by smooth functions. Let

u(t) =

{
e−1/t if t > 0
0 if t ≤ 0.

Sincet−ke−1/t → 0 ast→ 0 we see thatu ∈ C∞(R). Now let

ρ(x) = cu(1− |x|2), x ∈ Rn.
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Thenρ ∈ C∞(Rn) andρ(x) = 0 if |x| ≥ 1. Moreover, for a suitable choice of the constantc we
haveρ(x) ≥ 0 and

∫
ρ(x) dx = 1. As usual we let

ρε(x) = ε−nρ(ε−1x).

Then

1. ρε ∈ C∞
c (Rn)

2. supp ρε = {x ∈ Rn | |x | ≤ ε }

3. ρε(x) ≥ 0

4.
∫
ρε(x) dx = 1.

We will refer toρε, satisfying these four properties, as a FRIEDRICHS’ mollifier.

Theorem 12. Letρε be a Friedrichs’ mollifier. Iff ∈ L1(Rn, loc) then the convolution

f ∗ ρε(x) =
∫
f(x− y)ρε(y) dy =

∫
f(x− εy)ρ(y) dy

exists for eachx ∈ Rn. Moreover

1. f ∗ ρε ∈ C∞(Rn)
2. supp(f ∗ ρε) ⊆ closedε–neighborhood ofsupp f.
3. if 1 ≤ p < ∞ andf ∈ Lp(Rn) thenf ∗ ρε → f in Lp(Rn) as ε → 0. Indeed
‖f − f ∗ ρε‖p ≤ sup|y|≤ε ‖f − τyf‖p.

4. ifK is a compact set of points of continuity off thenf ∗ ρε → f uniformly onK
asε→ 0.

Proof. The convolution exists for eachx because the mollifier has compact support. Notef∗ρε(x) =∫
ρε(x−y)f(y) dy yieldsf∗ρε ∈ C∞(() Rn) by standard results on differentiating under the integral

sign (sinceρ has compact support). The second statement is obvious and the third follows from

‖f − f ∗ ρε‖p ≤
∫
‖τεyf − f‖p ρ(y) dy ≤ sup

|y|≤ε

‖τyf − f‖p

where we used thatρ has support in the unit ball. LetK be a compact set of points of continuity of
f . The standard calculus argument thatf is uniformly continuous onK actually shows a little bit
more: letη > 0, then there isδ > 0 such that ifx ∈ K, z ∈ Rn and|x− z| < δ then it follows that
|f(x)− f(z)| < η. Note we do not requirez to be inK. Now

f(x)− f ∗ ρε(x) =
∫
|y|≤ε

(f(x)− f(x− y)) ρε(y) dy.

Hence if0 < ε < δ then

|f(x)− f ∗ ρε(x)| ≤
∫
|y|≤ε

|f(x)− f(x− y)|ρε(y) dy

≤ η

∫
ρε(y) dy

= η

for eachx ∈ K.
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Corollary 13. If Ω is an open subset ofRn andK is a compact subset ofΩ then there exists
φ ∈ C∞

c (Ω) with 0 ≤ φ ≤ 1 such thatφ = 1 onK.

Note theorem 16 below, the finite partition of unity theorem, is a useful generalization of corollary
13.

Proof. Letδ = 1
3 dist(K, ∂Ω) > 0 and letf be the characteristic function of the closedδ–neighborhood

of K and let0 < ε < δ. Thenφ = f ∗ ρε ∈ C∞(Rn) has support in the closed2δ–neighborhood of
K and so has compact support inΩ. Clearly0 ≤ φ ≤ 1 andφ = 1 on the(δ − ε)–neighborhood of
K.

Corollary 13 and a slight modification of the (first) proof of theorem 8 yield easily

Theorem 14 (Density ofC∞
c (Ω) in Lp(Ω)). Let Ω be an open subset ofRn and let1 ≤ p < ∞.

ThenC∞
c (Ω) is dense inLp(Ω).

The assertion in theorem 12 that the support off ∗ ρε is contained in the closedε-neighborhood of
supp f is special for the Friedrichs’ mollifier. In general

supp f ∗ φε ⊆ supp f + suppφε

if φε is a mollifier with compact support. For example, letΓ be a closed convex cone inRn with
nonempty interiorΓ◦. Let Ω = {x ∈ Γ◦ | |x| < 1 }. By the corollary there is a nontrivialφ ∈
C∞

c (Ω) with 0 ≤ φ. Multiplying phi by a positive constant if necessary we may arrange to have∫
φ(x) dx = 1. Now supposef ∈ L1(Rn, loc) andsupp f ⊆ Γ. Thensupp f ∗ φε ⊆ Γ, that is,

we can approximatef by smooth functions with support inΓ. An important special case is the case
whereΓ is a closed half–space.

Corollary 13 may be used to show the existence ofsmooth partitions of unity.

Theorem 15 (Partition of unity). Let Ω be an open subset ofRn and letUj , j ∈ J , be a locally
finite open cover ofΩ such that eachUj has compact closure inΩ. Then there existφj such that

φj ∈ C∞
c (Uj) , φj ≥ 0 and

∑
j∈J

φj(x) = 1 for eachx ∈ Ω.

Proof. By the shrinking lemma for T4 spaces there exist open setsωj which form a covering ofΩ
and which satisfyωj ⊆ Uj for eachj ∈ J . Now chooseψj ∈ C∞

c (Uj) such that0 ≤ ψj ≤ 1
andψj = 1 on wj . The sumψ(x) =

∑
j ψj(x) is locally finite and bounded below by1. Thus

ψ ∈ C∞(Ω) and1 ≤ ψ. Now letφj = ψj/ψ.

We callφj , j ∈ J , asmooth partition of unitysubordinate to the locally finite open coverUj , j ∈ J .

Partitions of unity are used to glue local objects together to obtain a global object. If we can make do
with a finite partition of unityin a neighborhood of a compact set, we can give an argument which
does not involve division (and so may be useful in a more general context).

Copyright c© 2004 Bent E. Petersen - 9 - Oregon State University, Corvallis, Oregon



Mth 627 Winter 2004 20040119 # 15. Convolution of Functions

Theorem 16 (Finite partition of unity). LetK be a compact subset ofRn and let(Uj)j=1,2,··· ,N
be a finite open cover ofK. Then there exist functionsφj ∈ C∞

c (Uj) such thatφj ≥ 0 for each
j = 1, 2, · · · , N and

N∑
j=1

φj = 1

in a neighborhood ofK.

Proof. (See [2], p. 40). For eachx ∈ K let Vx be an open neighborhood ofx such thatV x is a
compact subset of eachUj with x ∈ Uj . SinceK is compact there is a finite setx1, x2, · · · , xm in
K such that

K ⊆
m⋃

k=1

Vxk
.

Now for eachj letKj be the union of thoseV xk
which are contained inUj . ThenKj is compact,

Kj ⊆ Uj and
K ⊆ K1 ∪ · · · ∪KN .

By corollary 13 we may chooseψj ∈ C∞
c (Uj) so0 ≤ ψj ≤ 1 in a neighborhood ofKj . Finally let

φ1 = ψ1

φ2 = (1− ψ1)ψ2

φ3 = (1− ψ1) (1− ψ2)ψ3

· · ·
φN = (1− ψ1) (1− ψ2) · · · (1− ψN−1)ψN

Clearly0 ≤ φj for eachj and

φ1 + · · ·+ φN = 1− (1− ψ1) (1− ψ2) · · · (1− ψN ) .

Since

K ⊆
N⋃

j=1

Kj

for eachx ∈ K there isj so thatψj(x) = 1. Thusφ1 + · · ·+ φN = 1 onK. To obtain the equality
on a neighborhood ofK we would start by enlargingK a bit first.

As another application of regularization by convolution we will prove an important theorem ofDU

BOIS-REYMOND (which is related to the so called fundamental lemma of the calculus of varia-
tions). This theorem allows us to identify (equivalence classes of) locally integrable functions with
distributions.

Theorem 17 (DU BOIS-REYMOND ). Let Ω be an open subset ofRn. If f ∈ L1(Ω, loc) and∫
f(x)φ(x) dx = 0 for eachφ ∈ C∞

c (Ω) thenf = 0 almost everywhere inΩ.
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Proof. Let ω be a relatively compact subset ofΩ. Chooseδ so that0 < 2δ < dist(ω, ∂Ω). LetK be
the closedδ-neighborhood ofω soK is a compact subset ofΩ. Now letψ = ξK soψf ∈ L1(Rn)
(after extendingf to Rn by 0). Let ρε be a Friedrichs’ mollifier. Ifx ∈ ω and0 < ε < δ then

(ψf) ∗ ρε(x) =
∫

(ψf)(x− y)ρε(y) dy

=
∫
f(x− y)ρε(y) dy

=
∫
f(y)ρε(x− y) dy

= 0

sincex ∈ ω, 0 < ε < δ imply x− y ∈ K which impliesψ(x− y) = 1 and alsoy → ρε(x− y) ∈
C∞

c (Ω). Now by the approximate identity theorem (theorem 10) we have(ψf)∗ρε → ψf inL1(Rn).
Thusψf = 0 almost everywhere, and sof = 0 almost everywhere inω. SinceΩ is a countable
union of sets satisfying the hypotheses assumed forω we havef = 0 almost everywhere inΩ.
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