
MTH 611 ASSIGNMENT3 Due: May 16, 2003∗ Numerous Problems

Instruction: There are 16 problems below. Choose 3 to enjoy and for which to turn in solutions. You do not have to
limit yourself to the “easy” problems. If you turn in more than 3 be sure to indicate which three I should grade.

There may be some errors in the statements of the problems. Part of your job is to correct any such errors. As usual you
may discuss the problems with anyone, but writing up your solutions should be a solitary activity.

Problem 1. An entire functionf is said to be ofexponential typeif there exist real numberst andAt such that

| f(z) | ≤ At et| z |, z ∈ C.

The typeτ of f is the infemum of sucht, so a polynomial, for example, has type0. If M(r) = max| z |=r | f(z) | then
clearly

τ = lim sup
r→∞

r−1M(r).

Now consider a power seriesf(z) =
∑∞

n=0 cnzn and suppose

lim sup
n→∞

n | cn |
1
n < ∞.

Show thatf is entire, and moreover,f is of exponetial type

τ = e−1 lim sup
n→∞

n | cn |
1
n .

Conversely for any entire function of exponential type this formula gives the type.

Hint: If f(z) =
∑∞

n=0 cnzn is an entire function the Cauchy inequalities imply

| cn | rn ≤ M(r) ≤
∞∑

n=0

| cn | rn.

Problem 2. Let R > 0 and letf be analytic in the diskD(0, R). Suppose| f(z) | ≤ M in D(0, R) and there is an
integern ≥ 1 such that

f(0) = f ′(0) = · · · = f (n−1)(0) = 0.

Then

| f(z) | ≤ M

(
| z |
R

)n

, z ∈ D(0, R)

and ∣∣∣ f (n)(0)
∣∣∣ ≤ Mn!

Rn
.

Moreover if we have equality in the first inequality for somez 6= 0, or if we have equality in the second inequality, then
f(z) = czn for somec with | c | = M

Rn .
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Problem 3. Supposef is analytic inD(0, 1), f ′(0) = 0 and| f(z) | ≤ 1 for eachz ∈ D(0, 1). Show that

| f(z)− f(−z) | ≤ 2 | z |3 , z ∈ D(0, 1).

Problem 4. Supposef is analytic inΩ = { z ∈ C | | z | > R }, | f(z) | ≤ M for z ∈ Ω and

lim
| z |→∞

f(z) = 0.

Show that

| f(z) | ≤ MR

| z |
, z ∈ Ω.

Problem 5. If we expand
1

z2 + z + 1
in a power series aboutz = 2, what is the radius of convergence?

Problem 6. Supposef is analytic in a neighborhood of the annulus{ z ∈ C | 2 ≤ | z | ≤ 3 } and suppose

max
| z |=2

| f(z) | ≤ 16, and max
| z |=3

| f(z) | ≤ 54.

Show that
| f(z) | ≤ 2 | z |3 , 2 ≤ | z | ≤ 3.

Problem 7. Let f be an entire function and as usual let

f(z) =
∞∑

n=0

cnzn

and
M(r) = max

| z |=r
| f(z) | .

Show that

lim sup
r→∞

log log M(r)
log r

= lim sup
n→∞

n log n

− log | cn |
.

This common value is called theorder of f .

Problem 8. If ρ > 0 andf(z) =
∑∞

n=0 cnzn is an entire function we define theρ-typeτ of f by

τ =
1
ρe

lim sup
n→∞

n | cn |
ρ
n .

Show that an entire functionf has exponential type if and only if it has orderρ < 1 or has orderρ = 1 and finite
1-type.



Problem 9. Let f be an entire function and letM(r) = max| z |=r | f(z) |. Let 0 ≤ ρ < ∞. If

lim sup
r→∞

r−ρ log M(r) = τ

where0 < τ < ∞ then showf has orderρ andρ-typeτ .

Problem 10. Let p(z) = a0 + a1z + · · · anzn and letM > 0 andR > 0. Assume| p(z) | ≤ M for | z | = R. Show
that

| p(z) | ≤ M
∣∣∣ z

R

∣∣∣n , if | z | ≥ R.

Hint: The Cauchy inequalities imply| an | ≤ R−nM .

Problem 11. Let aj > 0, j = 1, 2, 3, 4. Let f be continuous onD(0, 1) and analytic onD(0, 1). Suppose
| f(z) | ≤ aj on the part of the unit circle in thejth quadrant. Show that

| f(0) | ≤ (a1a2a3a4)
1
4 .

Problem 12. Let u, v ∈ C be linearly independent overR. Let f be an entire function and suppose

f(z + u) = f(z)
f(z + v) = f(z)

for eachz ∈ C. Show thatf is constant.

Problem 13. Let p(z) be a polynomial with rootsa1, a2, · · · , an, repeated according to multiplicity. Then

p′(z)
p(z)

=
n∑

k=1

1
z − ak

.

Hence prove Lucas’s theorem: each root ofp′(z) lies in the convex hull of the roots ofp(z), that is, ifp′(z0) = 0 then
there exist real numbersλk ≥ 0 such that

n∑
k=1

λk = 1 and z0 =
n∑

k=1

λkak.

Problem 14. Let C∞ be the Riemann sphere, letz2, z3, z4 be distinct points inC∞ and letw2, w3, w4 be distinct
points in the Riemann sphere as well. By contemplating the equation

w − w3

w − w4

w2 − w4

w2 − w3
=

z − z3

z − z4

z2 − z4

z2 − z3

show there exists a unique M̈obius transformS such thatwj = S(zj), j = 2, 3, 4. Let R be the unique M̈obius
transform such thatR(z2) = 1, R(z3) = 0 andR(z4) = ∞. Then for anyz1 ∈ C∞ we define thecross-ratio

(z1, z2, z3, z4) = R(z1).



There are quite a few cases to consider to compute the cross-ratio. Show for example

(z1, z2, z3, z4) =
z1 − z3

z1 − z4

z2 − z4

z2 − z3
if z1, z2, z3, z4 ∈ C, z1 6= z4

(z1, z2, z3, z4) = ∞ if z1, z2, z3, z4 ∈ C, z1 = z4

(z1,∞, z3, z4) =
z − z3

z − z4
if z1, z3, z4 ∈ C, z1 6= z4

Show ifT is any Möbius transform andz2, z3, z4 are distinct points inC∞ andz1 ∈ C∞ then

(T (z1), T (z2), T (z3), T (z4)) = (z1, z2, z3, z4) .

In particular ifT (zj) = wj , j = 2, 3, 4 then

(T (z), w2, w3, w4) = (z, z2, z3, z4) ,

a very handy formula. Ifz ∈ C∞ show that
(z, 1, 0,∞) = z

and therefore for any M̈obius transformS we have

S(z) =
(
z, S−1(1), S−1(0), S−1(∞)

)
.

Problem 15. If Γ is a “circle” andz2, z3, z4 are distinct points onΓ then for eachz ∈ C∞ we define the conjugate
z∗Γ by

z∗Γ = S−1
(
S(z)

)
whereS(z) = (z, z2, z3, z4). Show that the conjugate is independent of the choice ofS (defined as above) and that
(z∗Γ)∗Γ = z. If Γ is the circle| z − a | = R, z 6= a, andz 6= ∞ then

(z∗Γ − a) (z − a) = R2, a∗Γ = ∞, ∞∗
Γ = a.

Remarks: Pointsa, b with b = a∗Γ are said to be symmetric with respect toΓ. For a lineL the pointsa, b are symmetric
with respect toL if L is the orthogonal bisector of the segment joininga andb. For a circle, the geometric description
of symmetry is a bit more complicated. You may enjoy finding it. Symmetry is preserved by Möbius transforms.

Problem 16. Let a 6= b be points inC and letT be the M̈obius transform

T (z) =
z − a

z − b
.

Show
Γµ = T−1 ({w ∈ C | |w | = µ })

is a family of circles such thata andb areΓµ symmetric for eachµ. These circles are the circles of Apollonius (with
limit pointsa andb). Show thatΓµ has centerc and radiusr where

c =
a− µ2b

1− µ2
, and r =

µ | a− b |
| 1− µ2 |

.


