MTH 611 ASSIGNMENT3 Due: May 16, 2003 Numerous Problems

Instruction: There are 16 problems below. Choose 3 to enjoy and for which to turn in solutions. You do not have to
limit yourself to the “easy” problems. If you turn in more than 3 be sure to indicate which three | should grade.

There may be some errors in the statements of the problems. Part of your job is to correct any such errors. As usual you
may discuss the problems with anyone, but writing up your solutions should be a solitary activity.

Problem 1. An entire functionf is said to be oExponential typéf there exist real numbersand A; such that
()] < A7l zec.

Thetyper of f is the infemum of sucl, so a polynomial, for example, has typelf M(r) = max| . —, | f(z) | then
clearly
7 = limsup 7'M ().

r—00
Now consider a power seriggz) = > 7, ¢,2" and suppose
. 1
limsup n|c, | < oo.
n—oo
Show thatf is entire, and moreovey, is of exponetial type
1 1. 1
T=e¢ " limsup n|c,|=.
n—oo

Conversely for any entire function of exponential type this formula gives the type.

Hint: If f(2) =Y 2, c,2" is an entire function the Cauchy inequalities imply

o
]cn]rngM(r)SZ]cn]r".
n=0

Problem 2. Let R > 0 and letf be analytic in the diskD(0, R). Supposé f(z) | < M in D(0, R) and there is an
integern > 1 such that

FO)=f(0) = =f""D(0) =0,
Then .
ol (H) . sepom
and Al
o<

Moreover if we have equality in the first inequality for some# 0, or if we have equality in the second inequality, then
f(2) = c2™ for somec with | c| = 4%
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Problem 3. Supposef is analytic inD(0,1), f/(0) = 0 and| f(z) | < 1 for eachz € D(0,1). Show that

[f(z) = f(=2)| <2|=]°, z€D(,1).

Problem 4. Supposef is analyticinQ ={z€C | |z|>R},|f(2)| < M forz e Qand

‘ llim f(z)=0.
Show that MR
[f <7 z€Q
|z
Problem 5. If we expand
1
22+z4+1

in a power series about= 2, what is the radius of convergence?

Problem 6. Supposef is analytic in a neighborhood of the annulus € C | 2 < |z| < 3} and suppose

max | f(z)]| <16, and max | f(z)] < 54.

|z|=2 |z|=3

Show that
|fz)|<2]z, 2<|z[<3.

Problem 7. Let f be an entire function and as usual let

f(z) = Z cn 2"
n=0

and
M(r) = max | f(z)].
|z|=r
Show that
. loglog M (r) . nlogn
limsup ——————= = limsup ———.
r—00 log r n—oo —log|en |

This common value is called thwrder of f.

Problem 8. If p>0andf(z) =) ,7,c,2" is an entire function we define thetyper of f by
1 . 3
7= —limsup n|cy | .
C n—oco

Show that an entire functiofi has exponential type if and only if it has order< 1 or has ordep = 1 and finite
1-type.




Problem 9.  Let f be an entire function and I8 (r) = max, . |, | f(2) |. Let0 < p < oco. If

limsup r Plog M(r) =71

r—00

where0 < 7 < oo then showf has ordep andp-typer.

Problem 10. Letp(z) = ag+aiz+---ayz™andletM > 0andR > 0. Assume p(z) | < M for | z | = R. Show
that -
P M| 2] i 2= R

Hint: The Cauchy inequalities implya,, | < R™"M.

Problem 11. Leta; > 0, j = 1,2,3,4. Let f be continuous orD(0,1) and analytic onD(0,1). Suppose
| f(2) | < a; on the part of the unit circle in thg" quadrant. Show that

N

| £(0) | < (a1a2a3a4)7 .

Problem 12. Letu,v € C be linearly independent ové. Let f be an entire function and suppose

flz+u) = [(z)
flz+v) = f(2)

for eachz € C. Show thatf is constant.

Problem 13. Letp(z) be a polynomial with roota;, as, - - - , a,,, repeated according to multiplicity. Then
P() - 1
p(2) 1; z—ay

Hence prove Lucas’s theorem: each roop/dt) lies in the convex hull of the roots @f(z), that is, ifp’(z9) = 0 then
there exist real numbers, > 0 such that

Zn:)\k =1 and zy= Zn:)\kak.
k=1 k=1

Problem 14. Let C., be the Riemann sphere, lgt, 23, z4 be distinct points inC., and letws, ws, w, be distinct
points in the Riemann sphere as well. By contemplating the equation

W — W3 Wy — W4 Z— 23292 — 24

w — Wyq Wy — W3 Z — 24 29 — X3

show there exists a unique dius transformS such thatw; = S(z;), j = 2,3,4. Let R be the unique Nbius
transform such thak(z2) = 1, R(z3) = 0 andR(z4) = oo. Then for anyz; € C., we define theross-ratio

(21, 22, 23, 24) = R(z1).



There are quite a few cases to consider to compute the cross-ratio. Show for example

Z1 —R3 %2 — %4 .
(217227237 24) = 21— 2429 — 23 If 219 %2, %3, 24 € (C>Z1 # zZ4

(21,22,23,24) = o0 if21,20,23,24 €C 21 =24
Z — Z3 .
(21700723724) = 2 > If 21, %3, %4 S C>Zl # zZ4
— <4

Show if T" is any Mobius transform anel, z3, z4 are distinct points i, andz; € C, then
(T(21),T(22),T(23),T(24)) = (21, 22, 23, 24) -
In particular if'(z;) = w;, j = 2, 3,4 then
(T'(2), wa, ws,wyq) = (2, 29, 23, 24) ,

a very handy formula. 1t € C,, show that
(2,1,0,00) = 2

and therefore for any Bbius transformt we have

S(z) = (2,871(1),571(0),5 " (c0)) .

Problem 15. If I"is a “circle” andzs, 23, z4 are distinct points offr then for each: € C, we define the conjugate
2> by

=57 (5(2)
whereS(z) = (z, 22, 23, 24). Show that the conjugate is independent of the choicé (defined as above) and that
(28)f = z. If I'isthe circle| z — a | = R, z # a, andz # oo then

(¢f —a)(Z—a) = R*, a} =00, oof=a.

Remarks: Pointsa, b with b = af- are said to be symmetric with respecttoFor a lineL the pointsz, b are symmetric
with respect tal if L is the orthogonal bisector of the segment joiningndb. For a circle, the geometric description
of symmetry is a bit more complicated. You may enjoy finding it. Symmetry is preservedbjusitransforms.

Problem 16. Leta # b be points inC and letT" be the Mdbius transform

zZ—a

z—0b

T(z) =
Show
Ly=T"'({weC | |w[=p})
is a family of circles such that andb arel’, symmetric for each. These circles are the circles of Apollonius (with
limit points a andb). Show thafl’,, has centetr and radius- where
a— u’b
1—p?’

_Hla—D0|

and r= —.
|1 — 2|

C =




