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Feb 18, 2001

This archive contains some problems from Mth 515 Spring 1997. I may have lost some of the original problems.
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1 Problem Set

Problem 1. Let fz(w) = 1
(w−1)(w−1+z) . If z �= 0 show that fz has a simple pole at w = 1 and the residue

at that pole is 1
z . If z = 0 then fz has a pole of order 2 at w = 1 and the residue is 0. We know the residue is

given by the integral
1
2πi

Z
γ

fz(w) dw

where γ is a sufficiently small positively oriented circle about w = 1. What happens to this integral as z → 0?
Why?

Problem 2. In the preceding problem, it is pretty clear what is going on, but sometimes it can be hard
to see. Let z ∈ C, z �= 1 and define the function fz by

fz(w) =
w + e

z
2(w− 1

w )

w − e
z
2(w− 1

w )
.

This function comes up in the study of certain Kapteyn series, a study that ultimately derives from Kepler’s
problem – so it’s hardly just pulled out of the hat. Show that fz has a simple pole at w = 1 and that the
residue at the pole is 2

1−z . If z = 1 show that fz has a pole of order 3 at w = 1 and the residue is −27
5 .

Problem 3. The function hz given by

hz(w) = e
z
2(w− 1

w )
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has an isolated singularity at w = 0 and is analytic in C ∼ {0}. Hence we have a Laurent series

hz(w) =
n=∞X

n=−∞
Jn(z)wn,

with normal convergence in C ∼ {0}. Note

J−n(z) = Jn(−z) = (−1)n Jn(z).

If γ(t) = eit, 0 ≤ t ≤ 2π, then the formula for the coefficients of the Laurent series yields

Jn(z) =
1
2πi

Z
γ

w−n−1ez(w−1/w)/2 dw.

It follows that Jn is an entire function. Show

Jn(z) =
1
π

Z π

0
cos (z sin t − nt) dt.

The function Jn is called the Bessel function of order n.

Problem 4. If f :D(a,R) → C is analytic, there is b ∈ D(a,R) such that f(b) = 0 and there is a constant
M > 0 such that f(z) ≤ M for each z ∈ D(a,R) then

| f(z) | ≤ MR | z − b |���R2 − (b − a)(z − a)
��� (1)

�� f ′(b)
�� ≤ MR

R2 − | b − a |2
. (2)

If we have equality in (1) for some z ∈ D∗(a,R) or equality in (2) then there exists c ∈ C with | c | = 1 such
that

f(z) = Mc
R(z − b)

R2 − (b − a)(z − a)
.

Hint: Make a change of variable in Schwarz’ lemma. Another approach is simply to reprove Schwarz’
lemma in the case off-center root, by multiplying by suitable Möbius transformation in place of the division
by z. The second approach is the one to use in the case of several roots – see the next few problems.

Problem 5. Suppose f : D(0, 1) → C is continuous, f is analytic in D(0, 1) and | f(z) | ≤ M for
z ∈ D(0, 1). Let a1, a2, · · · , am be roots of f in D(0, 1). Show that

| f(z) | ≤ M
mY

k=1

���� z − ak

1− akz

����

for each z ∈ D(0, 1). Moreover, if we have equality for some z0 �= ak then there is a constant c with | c | = 1
such that

f(z) = Mc

mY
k=1

z − ak

1− akz

for each z ∈ D(0, 1).
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Hint:
��� z−ak

1−akz

��� = 1 if | z | = 1. Let

g(z) = f(z)
mY

k=1

1− akz

z − ak

and use the maximum principle to estimate g.

Problem 6. Suppose f :D(0, R) → C is analytic and | f(z) | ≤ M for z ∈ D(0, R). Let a1, a2, · · · , am be
roots of f in D(0, R). Show that

| f(z) | ≤ MR
mY

k=1

���� z − ak

R2 − akz

����
for each z ∈ D(0, R). Moreover, if we have equality for some z0 �= ak then there is a constant c with | c | = 1
such that

f(z) = MR

mY
k=1

z − ak

R2 − akz

for each z ∈ D(0, R).

Hint: If 0 < r < R use a change of variable to obtain the estimate

| f(z) | ≤ Mr
mY

k=1

���� z − ak

r2 − akz

����

in D(0, r).

Problem 7. If f : D(0, 1) → C is analytic, f(−1
2) = f(1

2) = 0, f(0) = 1 and | f(z) | ≤ 4 for each
z ∈ D(0, 1) then

f(z) = 4
1− 4z2

4− z2
.

Problem 8. Suppose we have real numbers 0 < r1 < r2 < r3 < · · · < rn < R and real numbers λk ≥ 0,
k = 1, 2, 3, · · · , n. Define

n(t) =
X
rk<t

λk, t ∈ [0, R] .

Show that Z R

0

n(t)
t

dt =
nX

k=1

log
R

rk
.

Now let f be analytic in D(a,R) and suppose f(a) �= 0. Suppose f has a finite number of roots a1, a2, · · · , an

in D(a,R) (repeated according to multiplicity). Let n(r) be the number of roots in D(a, r). Show

Z R

0

n(t)
t

dt =
nX

k=1

log
R

| ak |
.
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Problem 9. Prove the Poisson formula: if g is analytic in D(0, R) and u(z) = �e g(z) then

g(z) = i
m g(0) +
1
2π

Z 2π

0

reiθ + z

reiθ − z
u(reiθ) dθ

for 0 < r < R and z ∈ D(0, r).

Hint: First show
reiθ + z

reiθ − z
= 1 + 2

∞X
n=1

znr−ne−inθ

uniformly in real θ. Next note if g(z) =
P∞

n=0 anzn then

u(reiθ) =
1
2

∞X
n=0

rn
�
aneinθ + ane−inθ

�

for 0 ≤ r < R, uniformly in real θ.

Problem 10. If F is analytic in D(0, R) and has no roots in D(0, R) then for each 0 ≤ r < R and
z ∈ D(0, r) we have

log |F (z) | = 1
2π

Z 2π

0
�e

�
reiθ + z

reiθ − z

�
log
���F (reiθ)

��� dθ.

Hint: There is a branch of logF (z) in D(0, R).

Problem 11. Prove the Poisson–Jensen formula. Let f be analytic in D(0, R), let 0 < r < R and let
a1, a2, · · · , am be the roots of f in D(0, r). If z ∈ D(0, r) and f(z) �= 0 then

log | f(z) |+
mX

k=1

log
���� r2 − akz

r(z − ak)

���� = 1
2π

Z 2π

0
�e

�
reiθ + z

reiθ − z

�
log
��� f(reiθ)

��� dθ.

Note that f is permitted to have roots on ∂D(0, r).

Hint: First assume that f has no roots on ∂D(0, r) and let

F (z) = f(z)
mY

k=1

r2 − akz

r(z − ak)

and use the previous exercise. Now if f has roots on ∂D(0, r) then choose 0 < s < r such that ak ∈ D(0, s)
for each k = 1, · · · , n. Then f has no roots on ∂D(0, t) for s < t < r. Now investigate the integral as t → r.

Problem 12. Deduce Jensen’s equality (1899) from the previous exercise. Suppose f is analytic in
D(0, R). For each 0 < t < R let n(t) be the number of roots (counted according to multiplicity) of f in
D(0, t). If f(0) �= 0 and 0 < r < R show

log | f(0) |+
Z r

0

n(t)
t

dt =
1
2π

Z 2π

0
log
��� f(reiθ)

��� dθ.

(Note we could just as well take n(t) to be the number of roots in D(0, t). It does not make any difference.)
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The investigation of the integral in the proof of the Poisson-Jensen formula above may appear a bit fearsome.
Here then is a slightly different approach to the proof of Jensen’s equality. Suppose f is analytic in D(0, R),
0 < r < R and f has no roots in D(0, r). Let

reiθ1, · · · , reiθn

be the roots of f on ∂D(0, r). Then there is an analytic function g :D(0, R) → C such that

f(z) = g(z)
nY

j=1

�
z − reiθj

�
.

For some ε > 0, g has no roots in D(0, r + ε). It follows there is a branch of log g(z) in D(0, r + ε). Taking
the real part in Cauchy’s integral theorem we obtain

log | g(0) | = 1
2π

Z 2π

0
log
��� g �reiθ

� ��� dθ.

Now
log | f(0) | = log | g(0) |+ n log r

and

log
��� f �reiθ

� ��� = log
��� g �reiθ

� ���+ n log r +
nX

j=1

log
��� eiθ − eiθj

��� .
But

Z 2π

0
log
��� eiθ − eiθj

��� dθ =
Z 2π

0
log
��� eiθ − 1

��� dθ

= 2π log 2 + 2
Z π

0
log(sin θ) dθ = 0.

It now follows that

log | f(0) | = 1
2π

Z 2π

0
log
��� f �reiθ

� ��� dθ.

This is Jensen’s equality for the case that f has no roots in D(0, r). The general case we now handle by
using Möbius transforms as above (we do not use them as transforms – we simply multiply by them viewed
as complex functions). This version of the proof may be due to Backlund (1918). It hinges on the following
result:

Problem 13. Show Z π

0
log(sinx) dx = −π log 2.

Note the integral is actually absolutely convergent.

Hint: Integrate log
�
1− e2iz

�
along the rectangular contour with height h and base on the interval [0, π],

but with the lower two corners excised. Then let h → ∞ and let the excisions get small. (It is a tricky
calculation).
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2 Contact Information

The contact information below is accurate as of Feb 18, 2001.

Copyright c© 2001 by Bent E. Petersen. Permission is granted to dupli-
cate this document for non–profit educational purposes provided that no
alterations are made and provided that this copyright notice is preserved
on all copies.

Bent E. Petersen phone numbers
Department of Mathematics office (541) 737-5163
Oregon State University home (541) 753-1829
Corvallis, OR 97331-4605 fax (541) 737-0517

bent@alum.mit.edu
petersen@math.orst.edu

http://ucs.orst.edu/~peterseb
http://www.peak.org/~petersen
http://web.orst.edu/~peterseb
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