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i Degree 3 and 2

It iswell known that Simpson's quadrature is more precise than one at first expects and moreover is
exact for cubics. The second fact accounts for the first one. We can use Maple to demonstrate
symbolicaly that Simpson'srule isexact for cubics. Morever we can demonstrate a similar

| phenomenon for higher degree polynomials and other compound quadrature rules based on interpolation.

To show that Simpson's ruleis exact for cubics it suffices to show that for any three points on a cubic,
with equispaced abscissas, the area under the graph of the cubic from the first to the last point isthe
same as the area under the graph, on the same interval, of the unique quadratic throught the three points.

| We begin by constructing agenera cubic polynomia (function)
[ > p3: =unappl y(a*x"3+b*x"2+c*x+d, x) ;
p3:=x® ax’+bx*+cx+d

[ Now let's compute theintegral from r - htor + h for any real numbersr and h.
> A3: =col l ect (i nt(p3(x),x=r-h..r+h), h);

2 0 3 3 2
A3::§§b+2argh +(2ar’+2d+2br°+2cr)h

" Now we compute the quadratic interpolation polynomial p2 through the points on the graph of p3 with
| abscissasr - h,randr +h.
[ > X2:=[r-h,r,r+h];
L X2:=[r- h,r,r+h]
[ > Y2: =map(p3, X2);
Y2 =]
a(r- h)Y®+b(r- hy?>+c(r- h)+d,ar*+br®+cr+d,a(r+h)®+b(r+h)?+c(r+h)+d]
[ > g2: =unappl y(interp(X2, Y2, x), X);
g2:=x® (3ar+b)x*+(ah*- 3ar’+c)x+ar®- arh?+d

[ Let'scompute theintegra from r - htor + h for any real numbersr and h.
> B2: =col lect(int(qg2(x),x=r-h..r+h), h);

&2 0 3 2 2 3
BZ::§§b+2arEh +(2(3ar+b)r°+2(-3ar“+c)r+2ar’+2d)h

T > sinplify(A3-B2):
0

C Itisnow easy to see that Simpson's compound quadrature rule, that is, Simpson's rule, is exact for
| cubics.
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Degree 5 and 4

Let's verify that similar results hold for higher degree. We first show that given any quintic polynomial
(degree 5) and five points on its graph with equispaced abscissas, the area under the graph of the quintic
from thefirst to the last point is the same as the area under the graph, over the same interval, of the
unique quartic (degree 4) interpolation polynomial through the given points.

| We begin by constructing a general quintic polynomial.
[ > p5: =unappl y(a*x"5+b* x"4+c* x"3+d* x"2+e* x+f , X) ;
p5:=x® ax’+bx*+cx3+dx¥+ex+f

[ Now let'scompute theintegral from r - 2 htor + 2 h for any real numbersr and h.
[ > A5:=col |l ect (int(p5(x),x=r-2*h..r+2*h), h);

abl 6, €60 , 16 5 0 ,
A5::g—b+64ar$h +g—ar +—d+32br°+16cr=h
5 7] 3 3 7]

i +(4ar’+4cri+4br*+4dr’+4er+4f)h
[ Now we compute the quartic interpolation polynomial p4 through the points on the graph of p5 with

| abscissasr - 2h,r- h,r,r+handr+2h.
[ > X4:=[r-2*h,r-h,r, r+h, r+2*h];

. X4:=[r-2h,r-hr,r+hr+2h]
[ > Y4: =map( p5, X4);
Ya:=[a(r- 2h)>+b(r- 2h)*+c(r- 2h)*+d(r- 2h)?+e(r- 2h) +f,
a(r- h>+b(r- h)y*+c(r- h)®+d(r- h)?>+e(r- h)y+f,ar’+br*+cri+dr®+er +f,
a(r+h)’+b(r+h)*+c(r+h)®+d(r+h)?+e(r+h)+f,
| a(r+2h)®+b(r+2h)*+c(r+2h)*+d(r+2h)?+e(r+2h)+f]
[ > g4: =unappl y(i nterp(X4, Y4, x), X);
g4:=x® (b+5ar)x*+(c- 10ar’+5ah?) X+ (-15ar h*+10ar®+d) x*
+(-4ah*+e+15ar’h’- 5ar)x- 5ar*h?+f+ar’+4arh’

[ Let'scomputetheintegra from r - 2 htor + 2 hfor any read numbersr and h.
[ > B4:=col l ect(int(q4(x),x=r-2*h..r+2*h), h);

B4'-§6—4b+64ar9h5+8?t6(c- 1Oar2)r+1—60ar3+1—6d+32(b+5ar)rzgh3
" &5 7 E 3 3 7

- +(4(b+5ar)r*+4ar°+4(10ar*+d)r’+4(c- 10ar®)r’+4(e- 5ar’)r+4f)h
[ > sinplify(A5-B4);
0

" The algebrawould be tedious (and error prone) to do by hand, but Maple has no problem with it, so
let's try one more example.

Degree 7 and 6
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Now let's verify that similar results hold for degree 7 and 6. We show that given any polynomial of
degree 7 and seven points on its graph with equispaced abscissas, the area under the graph of the degree
7 polynomial from thefirst to the last point is the same as the area under the graph, over the same
interval, of the unique interpolation polynomial of degree 6 through the given points.

| We begin by constructing the genera polynomial of degree 7.

[ >

[ > p7: =unappl y(a*x"7+b*x"6+c* x"5+d* x*4+e* x"3+f *x"2+g*x"1+h, x) ;
i p7:=x® ax +bx*+cx’+dx*+ex®+fx*+gx+h

[ Now let'scompute theintegral from r - 3htor + 3 h for any real numbersr and h.

[ > A7:=col lect(int(p7(x),x=r-3*h..r+3*h), h);

4374

& 0., & 3 , 486 0 .
A7::g4374ar+ bgh +g3402ar +1458br +?d+486crgh

+(54er+180cr3+378ar°+108dr?+18f+270br*) h®*+ 6 h?
i +(6ar’'+6er*+6fr’+6br®+6gr+6dr*+6cr’)h
" Now we compute the interpolation polynomial p6 of degree 6 through the points on the graph of p7 with

| abscissasr- 3h, r- 2h,r- hyr,r+h,r+2handr +3h.
[ > X6:=[r-3*h,r-2*h,r-h,r, r+h, r+2*h, r +3*h] ;

. X6:=[r-3hr-2hr-hr,r+hr+2hr+3h]

[ > Y6: =map(p7, X6);

Y6:=[a(r- 3h) +b(r- 3h)°+c(r- 3h)>+d(r- 3h)*+e(r- 3h)*+f(r- 3h)?
+g(r-3h)+ha(r- 2h)"+b(r- 2h)®+c(r- 2h)°>+d(r- 2h)*+e(r- 2h)?
+f(r- 2h)2+g(r- 2h) +h,
a(r- h)’+b(r- h)®+c(r- h)°+d(r- h)*+e(r- h*+f(r- h)>+g(r- h) +h,
ar’+bré+crP+dri+er*+fré+gr+h,
a(r+h)’+b(r+h)®+c(r+h)>+d(r+h)*+e(r+h)?*+f(r+h)*+g(r+h)+h,
a(r+2h)’+b(r+2h)®+c(r+2h)*+d(r+2h)*+e(r+2h)?*+f(r+2h)*+g(r+2h)
+h,a(r+3h)’ +b(r+3h)°+c(r+3h)°+d(r+3h)*+e(r+3h)*+f(r+3h)?

L +g(r+3h)+h]

[ > g6: =unappl y(i nterp(X6, Y6, X), X);

06:=x® (7ar+b)xX+(-21ar’+c+14ah’)x’+(d- 70ar h*+35ar’) x*
+(-35ar*+e- 49ah*+140ar?h?) x>+ (f+21ar’- 140ar’h*+ 147 ar h*) X
+(36ah’+g+70ar*h’- 147ar’h*- 7ar®)x+h+49ar®h*- 36arh®+ar’- 14ar’h?

[ Let'scomputetheintegral fromr - 3htor + 3h.
[ > B6: =collect(int(q6(x),x=r-3*h..r+3*h), h);

4374

2 <) 0,
B6 := g4374ar+ bgh
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& 2 3 486 20 5 5
+%486(-21ar +c)r+3402ar +?d+1458(7ar+b)r gh +(378ar

+180(-21lar®+c)r*+270(7ar+b)r*+108(d+35ar’®)r’+54 (-35ar*+e) r +18f) h®
+6h*+(6(7ar+b)r®+6ar’ +6(f+2lar’)r’+6(-21lar’+c)r’+6(-7ar’+g)r

i +6(d+35ar®)r*+6(-35ar*+e)r’)h

[ > sinmplify(A7-B6);

L 0

[ Are you beginning to suspect a genera fact? Note the direct approach taken above is not suitable for
hand calculation even for fairly low degree. Eventually Maple will give up too. But no finite number of

cases will suffice to prove the general fact anyway. For a proof, what we really need is a suitable error
| estimate for the compound interpolation quadrature rules with equispaced nodes.
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