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This document contains 28 sample problems, the midterm test and the final exam from Mth 254 Fall 1998.
The original test formatting has not been preserved.
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1 Sample problems - set 1

The problems presented here are for study and practice. They are not represented as being indicative of the
problems which will be on our test.

Problem 1. Use polar coordinates to evaluate the integralZZ
Ω

1p
9 + x2 + y2

dxdy

whereΩ is the disc in the plane with radius 4 and with center at the origin.

Problem 2. Let Ω be a region in thex, y-plane. Find the surface area of the portion of the conez2 =
x2 + y2 which lies above the regionΩ.
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Problem 3. Find the surface area of the portion of the surfacez = x2 − y2 which lies above the disc
bounded by the circlex2 + y2 = 6 in thex, y-plane.

Problem 4. Compute ZZ
Ω

p
x2 + y2 dxdy

whereΩ is the region which lies inside the cardioid described in polar coordinates by

r = a(1 + cos θ), 0 ≤ θ ≤ 2π, (a > 0 is a constant).

Problem 5. Let T be the tangent plane to the surface

z = 2x2 + 3y2 + 50

at the point(a, b, c) wherec = 2a2 + 3b2 + 50. Find the distance fromT to the origin.

Problem 6. Change the order of integration in the iterated integrals

Z 1

0

Z 4x2

x2

f(x, y) dy dx +
Z 2

1

Z 4

x2

f(x, y) dy dx.

Problem 7. Find the equation of the plane tangent to the graph of

z = x2 − y2 + 2xy + e−x cos y − y

at the point(0, 0, 1).

Problem 8. Let

z = xey + 4 sin
�

x

y

�
x = 2uv

y = u2 + v2 + 3

Use the chain rule to compute
∂z

∂u
at (u0.v0) = (0, 1).
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Problem 9. Compute the integral ZZ
Ω

�
1 −

p
x2 + y2

�
dxdy

whereΩ is the semidisc consisting of points(x, y) with x2 + y2 ≤ 1 andy ≥ 0.

Problem 10. Change to polar coordinates in each of the following iterated integrals

1.
Z 1

0

Z √
1−x2

0
f(x, y) dy dx

2.
Z 1

−1

Z √
1−x2

0
f(x, y) dy dx

3.
Z 1

0

Z √
1−y2

−
√

1−y2

f(x, y) dx dy

4.
Z √

2/2

0

Z √
1−x2

x
f(x, y) dy dx.

Problem 11. Compute the integralZ 1

0

Z 1

0

xyp
x2 + y2 + 1

dy dx.

Problem 12. Compute the integral Z 4

0

Z 2

x/2
ey2

dy dx

by first changing the order of integration.

2 Midterm test

Problem 13. Find the slope of the tangent line to the graph of the relation

2x4 + 3x2y2 − 2y3 + 3x − 6y = 0

at the point(1, 1).
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Problem 14. Find all the points(1, b, c) on the graph of

z = 2x2 + 3y2 + 50

such that the tangent plane at(1, b, c) passes through the origin.

Problem 15. Change the order of integration in the iterated integral

Z 2

0

Z 2x2

0
f(x, y) dy dx.

Problem 16. Use polar coordinates to evaluate the double integralZZ
Ω

y2p
9 + x2 + y2

dxdy

whereΩ is the disc with center at the origin and radius4.

Problem 17. Find the surface area of that portion of the hyperbolic paraboloid

z = 12 + xy

that lies above the disc with center at the origin and radius
√

24.

3 Sample problems - set 2

The problems presented here are for study and practice. They are not represented as being indicative of the
problems which will be on our test. Note problem number 5 is not suitable for a test. It is included for fun
and to hone your matrix skills.

Problem 18. Let the vectors�a1,�a2,�a3 be the successive columns of the matrix

A =

2
43 4 4

5 3 5
3 −2 2

3
5 .

Write the vector

�v =

2
4 2
−3
−2

3
5

as a linear combination of�a1,�a2,�a3 and compute the coefficients.
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Problem 19. The vector 2
42
1
1

3
5

is known to be an eigenvector of the matrix

A =

2
45 3 3
3 2 0
3 0 2

3
5 .

Find the corresponding eigenvalue.

Problem 20. The scalar2 is known to be an eigenvalue of the matrix

A =

2
45 3 3
3 2 0
3 0 2

3
5 .

Find a corresponding eigenvector.

Problem 21. Let

A =

2
4 2 −1 3
−1 4 −2
8 −11 13

3
5 �x =

2
4x1

x2

x3

3
5 and�b =

2
4 2

t
−1

3
5 .

Use row reduction to find all values oft for which the matrix equationA�x = �b has at least one solution.

Problem 22. (Original problem 5)Let A be the2 × 2 matrix�
1 1
1 0

�
.

Show that

An =
�
Fn+1 Fn

Fn Fn−1

�
,

whereFn is thenth Fibonacci number,F0 = 0, F1 = 1, F2 = 1, F3 = 2, F4 = 3, F5 = 5, · · · , F20 = 6765,
and in generalFn+1 = Fn + Fn−1 . Show that the eigenvalues ofA are

1 +
√

5
2

,
1 −

√
5

2
.

Find a matrixS such thatS−1AS = D where

D =

"
1+

√
5

2 0
0 1−

√
5

2

#
.
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ConcludeAn = SDnS−1. Find an explicit expression forDn. Use it to computeAn and then conclude

Fn =

�
1+

√
5

2

�n
−
�

1−
√

5
2

�n

√
5

.

This formula is known as the Binet formula.

Problem 23. Suppose you have a certain3 × 3 invertible matrixA and you wish to compute the inverse.
You augmentA by the identity matrixI, spend a pleasant few moments row-reducing, and obtain2

41 2 1 2 3 1
3 4 0 1 1 1
0 0 1 2 1 0

3
5 .

Finish the job and findA−1. How would you findA?

Problem 24. Find the eigenvalues of the matrix

B =
�

0 1
−1 0

�
.

DoesB have any real eigenvectors?

Problem 25. Find the eigenvalues of the matrix

C =
�
0 1
0 0

�
.

Is there a basis ofR2 consisting of eigenvectors ofC?

4 Sample problems - set 3

The problems presented here are for study and practice. They are not represented as being indicative of the
problems which will be on our test.

Problem 26. Let a > 0. Use spherical coordinates to compute the triple integralZZZ
Ω

�
x2 + y2 + z2

�n dxdy dz

where
Ω =

�
(x, y, z) | x2 + y2 + z2 ≤ a2, z ≥ 0

	
.
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Problem 27. Let a > 0. Use spherical coordinates to compute the triple integralZZZ
Ω

�
x2 + y2

�2 dxdy dz

where
Ω =

�
(x, y, z) | x2 + y2 + z2 ≤ a2, z ≥ 0

	
.

Problem 28. Let a > 0. Use spherical coordinates to compute the triple integralZZZ
Ω

�
x2 + y2

�
dxdy dz

where
Ω =

�
(x, y, z) | x2 + y2 + z2 ≤ a2, z ≥ 0

	
.

Problem 29. Let a > 0. Use spherical coordinates to compute the triple integralZZZ
Ω

�
x2 + y2

�3 dxdy dz

where
Ω =

�
(x, y, z) | x2 + y2 + z2 ≤ a2, z ≥ 0

	
.

Problem 30. Let a > 0. Use cylindrical coordinates to compute the triple integralZZZ
Ω

ea2−x2−y2
dxdy dz

where
Ω =

�
(x, y, z) | x2 + y2 + z2 ≤ a2, z ≥ 0

	
.

Problem 31. Use cylindrical coordinates to compute the triple integralZZZ
Ω

�
x2 + y2

�n dxdy dz
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whereΩ is the bounded region between the paraboloidsz = 2 − x2 − y2 andz = x2 + y2 − 2.

Problem 32. Use cylindrical coordinates to compute the triple integralZZZ
Ω

�
x4 − y4

�2 dxdy dz

whereΩ is the region between the planesz = −1 andz = 1, and inside the cylinderx2 + y2 = 1.

Problem 33. Use cylindrical coordinates to compute the triple integralZZZ
Ω

�
x4 − y4

�2 dxdy dz

whereΩ is the bounded region between the paraboloidsz = 2 − x2 − y2 andz = x2 + y2 − 2.

5 Final exam

Problem 34. For each of the following2× 2 matrices determine for what value(s) of the parameterh that
the matrix is invertible.

A =
�
h + 1 h − 1

1 1

�
, B =

�
h + 1 h + 1

1 1

�
, C =

�
1 h − 1

h + 2 4

�

Problem 35. The scalar8 is known to be an eigenvalue for the matrix

A =

2
45 3 3
3 2 0
3 0 2

3
5 .

Find a corresponding eigenvector.

Problem 36. Le a > 0 andb > 0. Find the centroid of the quarter ellipse consisting of the set of points
(x, y) such that

x2

a2
+

y2

b2
≤ 1, x ≥ 0, y ≥ 0.

Problem 37. Let a > 0 be such that3 log a = log log 3. Use spherical coordinates to compute the triple
integral ZZZ

Ω

e(x2+y2+z2)3/2
dxdy dz
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whereΩ is the ball consisting of points(x, y, z) such thatx2 + y2 + z2 ≤ a2.

Problem 38. Suppose you have a certain3 × 3 invertible matrixA and you wish to compute the inverse.
You augmentA by the identity matrixI, spend a few pleasant moments randomly row-reducing, and obtain2

42 2 2 2 2 −4
1 1 3 3 1 −4
4 2 1 5 6 −13

3
5 .

Finish the job and findA−1.

Problem 39. Part (AA): Find the equation of the tangent plane to the quintic surfaceS

z = 3x3y2 − 2x2y3 + 3x2y + 3xy2 + 2x − 3y

at the point(1, 1, 6). Part (BB): Now find the equation, in parametric form, of the line through the point
(1, 1, 6) orthogonal toA.

Problem 40. Use cylindrical coordinates to compute the triple integralZZZ
Ω

�
x2 − y2

�
z dxdy dz

whereΩ is the region in space bounded above by part of the paraboloidz = 4 − x2 − y2 and bounded below
by the portion of the(x, y)–plane which lies insidex2 + y2 = 4 and between the linesy = 0 andy = x.
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