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Abstract. In this paper we define a class of estimators for a nonparametric regression model with the aim of
reducing bias. The estimators in the class are obtained via a simple two stage procedure. In the first stage,
a potentially misspecified parametric model is estimated and in the second stage the parametric estimate is
used to guide the derivation of a final semiparametric estimator. Mathematically, the proposed estimators
can be thought as the minimization of a suitably defined Cressie-Read discrepancy that can be shown to
produce conventional nonparametric estimators, such as the local polynomial estimator, as well as existing
two stage multiplicative estimators, such as that proposed by Glad (1998). We show that under fairly mild
conditions the estimators in the proposed class are v/nh, asymptotically normal and explore their finite
sample (simulation) behavior.
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1 Introduction

Nonparametric regression is a useful approach to tackle potential model misspecification. Although a vast
and growing literature on the estimation of such models exists (Pagan and Ullah, 1999; Fan and Yao, 2003),
much of the past literature has been devoted to the study of kernel based estimators. Prominent among
these are Nadaraya-Watson (NW) and local linear (LL) estimators (Stone, 1977; Fan, 1992). Construction
of these estimators depends on a bandwidth sequence h,, such that 0 < h,, — 0 as the sample size n — oc.
It is well known in the nonparametric literature that for fixed n, bandwidth size controls the tradeoff
between pointwise bias and variance, and it is normally not possible to reduce bias without a simultaneous
increase in variance or wice versa. Numerous attempts to bypass this tradeoff have emerged in both the
nonparametric density and regression literatures, with particular interest in estimation procedures that
preserve the magnitude of the variance while at the same time reducing pointwise bias. These attempts
have included bias reduction via higher order kernels (Miiller, 1984; Gasser et al., 1985), the specification of
regression models that are a combination of parametric and nonparametric components (Fan and Ullah, 1999)
and also ‘boosting’ traditional nonparametric estimators (Di Marzio and Taylor, 2004). However, one of the
most promising approaches, inspired by developments in the nonparametric density estimation literature
(Hjort and Glad, 1995; Jones et al., 1995; Hjort and Jones, 1996; Naito, 2004), has been the parametrically
guided nonparametric estimation procedure proposed by Glad (1998). Given {(y;, ;) }i=1,2,... a sequence of

independent and identically distributed pairs, with E(y;|x;) = m(z;), Glad considers the following identity

m(x;) = m(x;; 0)rm(z;, ) (1)

where 7, (z;,0) = w’:éfﬂ‘ffg), m(z;;0) for € © C RP is a potentially misspecified parametric regression model.

Since F (ﬁ@z) = rm(x4,0), Glad proposes an estimator g (x) = m(x; 0)ry(z, 0) where r,,(z,0) is a

nonparametric fit based on a regressand —%— with regressor z; and 0 is a first stage parametric estimator

m(x;;0)

based on the parametric model E(y;|z;) = m(x;;0). The intuition behind the procedure is that if the first
stage parametric model is sufficiently ‘close’ to m(x;), the multiplicative correction factor r,,(x;,8) will be

easier to estimate nonparametrically leading to an improved mg(z). In fact, Glad (1998) shows that when



using a local polynomial estimator for the nonparametric fit, i (2) can have a smaller bias than traditional
local polynomial estimators while maintaining the same variance.
The intuition supporting Glad’s procedure can be used to define alternative parametrically guided esti-

mators. Consider for example the identity

m(x;) = m(zi; 0) + ro(x;, 0) (2)

where 74(x;,0) = m(x;) — m(x;;0). Since E (y; — m(xy;0)|x;) = ro(x;, 6), an estimator ma(x) = m(x;0) +
ra(z,0) can be defined where rq (2, 0) is a nonparametric fit based on a regressand y; —m(xz;; ) with regressor
z;, and @ is a first stage parametric estimator based on the possibly misspecified parametric model E(y;|x;) =
m(z;;0). Here, rather than a multiplicative correction factor - rp, (2;, 6) - as in Glad, the potentially improved
estimator is additively corrected (Rahman and Ullah, 2002).

The main contribution of this paper is to show that Glad’s multiplicatively corrected estimator mg(x),
the additively corrected estimator 7ha(x), as well as the traditional NW and LL estimators belong to a
vast class of parametrically indexed estimators. We show that all estimators in this class are asymptotically
normal after proper normalization and that their asymptotic distributions differ only by their location. In
other words, the estimators in this class have identical variance for their asymptotic distribution and differ
only through the leading term in their bias. Regarding the previous literature, our asymptotic normality
result is also useful in that known asymptotic normality results for NW and LL estimators appear as special
cases, and asymptotic normality of the estimators proposed by Glad (1998) and Rahman and Ullah (2002)
is obtained for the first time.!

The key insight in understanding how these estimators can be embedded in a single class is to realize

that identities (1) and (2) are special cases of,
m(xz;) = m(z; 0) + ro(zi, 0)m(z; 0) (3)

where 7, (z;,0) = me)—m@if) 414 o € R. Note that (1) is obtained from (3) by taking o = 1, and

m(x;;0)e

(2) is obtained by taking a = 0. Since E (wml) = ry(z4,0), an estimator m(z, ) = m(x;0) +

m(x;;0)e

LGlad (1998) established the order of the bias and variance for her estimator, but no result on its asymptotic distribution.



ru(z,0)m(x; 0)® can be defined where 7, (x, ) is a nonparametric fit based on a regressand %(;):)) with
regressor z;, and 0 is a first stage parametric estimator based on the possibly misspecified parametric model
E(yilz:) = m(zi; 0).

To gain further insight into the nature of m(x, @), we observe that it can be viewed either as: (1) the
minimizer of a general loss function, or (2) the minimizer of a Cressie-Read power divergence statistic,
subject to a suitably defined local moment condtion. From the first point of view, our approach is similar to
that of Naito (2004) which proposes a general loss function that embeds a number of parametrically guided
nonparametric density estimators. To motivate this perspective, we give two examples:

Example 1. The NW estimator is defined as myw (z) = argmin. 37" (( yi c) ( _11 >>2 Ky, (z; — )
where K, (-) = ﬁK (-/hn). If an initial parametric regression estimator m(z;; 0) is available, a transposed
minimization can be defined in the residual space, i.e.,

1 & . . 1 2
M — i — i - ; Ky, (z; —x).
mm,n; (( yi —m(z;0) c—m(z;0) ) ( 1 >> h, (T; — )
It is simple to show that this optimand is minimized by 14 (z), provided that the r4(z;, ) is obtained via
a NW estimator. Similarly,ife’=( 1 0 )andb' = ( by by ) we have that s (z) = bo, where

b= argminbmbl%Z (( yi —m(xi;0) by + bi(z; — ) —m(x;0) ) ( _11 >>2Khn (xi—2x) (4

i=1
provided that 74 (z;, f) is obtained via a LL estimator. In essence, the additively corrected estimator - riva (z)
- can be viewed as the minimizer of an Ly distance in a suitably transposed space of residuals.

Example 2. In the previous example, once the parametric model is chosen, minimization of the optimand

in the transposed residual space occurs without accounting for the shape (variability) of m(x;8) locally.

Hence, we consider the minimizer of

13 . . m(a:0) 2
argmincﬁ Z (( yi —m(x;;0) ¢ —m(x;0) ) ( m(x;0) )) Ky, (z; — ) (5)

=1 -1

m(zid) provides a measure of the local variability of m(x; é) Again, it is simple to show that the

where

minimizer of this optimand is 1 () provided that 7, (z;, §) is obtained via a NW estimator. Similarly, we



have that e (z) = by, where

n . m("f»é)

b= argminbmbl% Z (( yi —m(zs;0)  bo+ by(z; — ) — m(x; 6) ) ( m(w::0) )) Ky, (xi—x) (6)

i=1 -1
provided that r,,(x;, é) is obtained vie a LL estimator.

We focus on a LL estimator and generalize the loss functions in examples 1 and 2 by considering

n

Lu(bo,bise,0,0) = -3 (( yi =l 8) 3 8) — by — by (2 — ) ) ( 6 ))K (2 — @),

=1

m(fc;el)
m(zi;0)°

where o € R and 7; = Here, 7; captures the variability of the parametric function in the neighborhood
of z and « determines how the variation in #; contributes to the location of the residuals in the transposed

space. The estimator m(z, @) is given by €/b where ¢ = (1 0)and V= ( bo by ) satisfies
b = argming, p, Ln(bo, b1; ©, a, ), for a given choice of a and 6. (7)

To motivate 7 (x, @) from the second point of view, we define the Cressie-Read discrepancy between two

discrete distributions with common support p= ( p1 , -+, pn )andw=(m ,---, m, ) as

for a given choice of \.2 Let Ri(z) = (1 z; —x ), Zi(z) = (yi — m(x;;0))re +m(z; ) where r; = :LL((‘E?),

and suppose there exists a known function ¢ such that locally E(¢(Z;(x), bo, b1)|x;) = 0 for a unique (bg, b1).
Following Imbens et al. (1998), we seek
(bo, by, T) = argming, p, Ir (1/n,---,1/n; 7)subject to Z d(Z;(x); b, b1)m; = 0 and Zm =1 (8
i=1 i=1
We choose A — 0 and following Lewbel (2006) define ¢ = (¢1, ¢2) as a vector valued function in 2 with
o1 = (Zi(x) — by — by (x; — ) Ky, (x; —x) and ¢2 = (Zi(x) — bg — b1(x; — x))(x; — ) Ky, (x; — x). Then,
the solution for the above minimization is attained by

(bo, by, 7) = argmazp, by« Z In(m;) subject to Zm =1 (9)

i=1 =1

2See Cressie and Read (1984) and Read and Cressie (1988).



> wi(Zi(z) — by — by(z; — ) K, (z; —x) = 0, and

Z 7i(Zi(x) — by — by(z; — 3)) (25 — ) Kp, (x; — x) = 0.

By the Kuhn-Tucker Theorem, if R'(x)K,(x)R(x) is nonsingular, then we have

R'(2)K(x)Z(z) and 7; = 1/n for all 4,

1 1 1
1 —x) (ko—x) -+ (zp—=x

with R'(z) = ( ( ) >, K(z) = diag{Kp, (x;—x)}_, Kz (x) = diag{m; Kp,, (x;—
7)}™,, and Z(z) an n-dimensional vector with i** element given by Z;(z).® Since Z;(x) depends on the

unknown 6, a feasible version of the estimator is
R'(2)K (2)Z(x),

where Z; = (y; — m(x;0))7® +m(z; 0). It is straightforward to verify that by = m(z, a).
Regardless of how our estimator is motivated, intuitively we start with a regressand y; and create a
smoother modification of it, namely Z;. This modification itself helps in the reduction of bias because we

deal with a potentially smoother version of y;. It can be easily seen that when m(xz;; é) = ¢ then Z = yi,

giving us an optimand that produces the traditional local linear estimator. When a = 1, Z; = m/(x; ) —%

which gives us an optimand that produces Glad’s estimator. Also, when o = 0, Z; = (y; —m(as; 0)) +m(x; 0)
giving an optimand that produces the additively corrected estimator of Rahman and Ullah (2002).

We establish the asymptotic distribution of the proposed estimators in a two step procedure. First, since
we are dealing with a LL type estimator where Z; replaces y;, it is convenient to develop the asymptotic
results with a nonstochastic m(z;; 6p), where 6y is interpreted as a quasi true parameter value. The infeasible
estimator based on the quasi true value 6 is then shown to be asymptotically normal under suitable normal-
ization. Second, we show the asymptotic equivalence of the infeasible estimator and its feasible counterpart,
where the quasi true parameter 6 is estimated by pseudo maximum likelihood estimation (PMLE).

The structure of the paper is as follows. This introduction is followed by the specification of the new class

of estimators in section 2. In section 3 we provide results on the asymptotic behavior of the estimator in the

31f ¢ is such that E(¢(Z;(x),bo)|z;) = 0 for a unique by, with ¢ = (Z;(z) — bo) K}, (z; — x), then the maximization in (9)
gives 7; = 1/n and by = (Z:;l Ky, (zi — r))_l Z:'L:1 Ky, (zi —x)Z;(x) provided that Z:'L:1 Ky, (x; —x)7; #0.



class, and in section 4 we provide a set of simulation results that shed light on the finite sample behavior of

the estimator. The last section is a brief conclusion.
2 The Class of Estimators

We consider a sequence {(y;, z;)}"_; of independent two dimensional random vectors with a common density,
where y; represents a regressand and x; represents a regressor. We are primarily interested in the estimation
of a regression model given by

yi = m(x;) +&;, wherei=1,---,n, (10)

E(gi|z;) = 0 and V(g|z;) = o?(x;) < oo for all #;. The primary interest is on the estimation of the
nonparametric regression function m(-), and to this end we propose a class of semiparametric regression
estimators based on a two step estimation procedure. First, a parametric regression function m(x;; ) is
stipulated and estimated via a parametric procedure that produces an estimator m(x;; é) The function
m(x; é) is assumed to belong to a class M of parametric functions that satisfies some smoothness conditions
specified below, but is otherwise unrestricted. In the second step, the initial parametric estimate m(z;; 9) is

used to define the following optimand

n

Lo (bo, b 2, a0, ) = %Z( ei m(z:0) — bo — b (s ))(?))2&"(@—@ (11)

(e, 0), = y; — m(z;;0) and hy, is a nonstochastic bandwidth such that 0 < h,, — 0 as

where o € R, 7; =

n — co. The class of semiparametric estimator we propose is given by 1m(z, ) = €’b, where ¢/ = (1 0)

and O’ = ( by b, ) satisfies

b = argming, p, Ly (bo, b1; z, o, 9), for a given choice of o and 6. (12)

We emphasize that the class of estimators F = {r(z,a) : @ € ® and m(z;0) € M} depends on «, the
stipulated parametric function m(z; ), and also the estimator 6. Some well known nonparametric estimators
belong to the class F. For example, if o« = 0 and m(z; é) is a parametric function of x belonging to some

specified class M we have an additively corrected estimator; if m(x; é) = ¢ for all z, by is the local linear



estimator of Stone (1977) and Fan (1992);* and if @ = 1 and m(x; ) is a parametric function of z belonging
to some specified class M we obtain the estimator proposed by Glad (1998).
Using standard calculus and the algebra of local polynomial estimators (Ruppert and Wand, 1994) we

obtain the following simple expression for the estimators in F’

iz, a) = ¢ (R (¢) K (2)R(2)) " R (¢)K(2) Z(x) (13)

1 1 1
(r1—2) (k2—z) -+ (zp—=

where R/ (x) = ( ) >, K(x) = diag{Kp, (x;—z)}?_, and Z;(z) = m(z;0)+
(i — m(z:; 0))F% is the it" element of the vector Z(z). The expression is convenient in that it has the usual
structure of local linear estimators with the exception of a modified regressand given by Z (z). Hence, ar-
guments typically used to establish the asymptotic properties of such estimators (Fan and Yao, 1998 and
Martins-Filho and Yao, 2005) can be used in the study of the asymptotic properties of m(x, «). In what
follows, it will be convenient to first consider the properties of an infeasible version of the estimators we pro-
pose, which is constructed by using a nonrandom parametric regression function m(x; 6) rather than m(z, 6).

We label such estimator m(z, «) and first obtain the asymptotic properties of m(x,«). We then provide

sufficient conditions for the asymptotic equivalence of m(x, «) and m(z, ) under a suitable normalization.

3 Asymptotic Properties

3.1 The Estimator m(z, a)

First, we give sufficient conditions for the v/nh,, asymptotic normality of m(z,a) and second we establish
that v/nh,(m(z,a) — m(z,a)) = o,(1) for all  and a. Throughout our developments, as well as in the
statement of the regression model under consideration in (1), we have assumed for simplicity that there is
only one regressor, i.e., ; € ®. It should be transparent from the proofs below, that all results follow for
the case where x; € RP, D a finite positive integer, with appropriate adjustments on the relative speed of n
and h?. We start by providing a list of general assumptions and notation that will be selectively adopted in
the lemma and theorems that follow. Throughout, C' will represent a nonstochastic constant that may take

different values in R, and the sequence of bandwidths h,, is such that, nh? — oo as n — oo.

4 Mutatis mutandis local polynomial estimators of order p > 2 can also be obtained from the optimization in (12)



AssuMPTION Al. 1. Let gx(x) be the common marginal density of z; evaluated at = and assume that

gx(z) < C for all z; 2. gg?) (x) is the d*" order derivative of gx(z) evaluated at x and we assume that

|g§)(x)| < C for all z; 3. |gx () — gx(2")] < Clz — 2’| for all z, z'; 4. We denote the common joint density
of (x;,€;) evaluated at (x,¢) by g(x,¢), the density of z; conditional on ¢; evaluated at x by g, |, (x), and
assume that g, ., (z) < C for all .
AssUMPTION A2. 1. K(z) : ® — R is a symmetric bounded function with compact support Sk such that
L. [|z|K(z)dz < o0; 2. [K(z)dz =1; 3. [zK(z)dz =0; 4. [2?K(z)dz = 0%; 5. for all z,2" € Sk we
have |K(z) — K(2')| < Clz — 2'[; 6. [ K2 (x)dz < oo for some 6 > 0.
AssumpTION A3. 1. [m?(z)| < C for all  and d = 1,2, where m(? (z) is the d** order derivative of m(z)
evaluated at x.
AsSUMPTION A4. The parametric regression function m(z;6) belongs to a class of parametrically indexed
class M defined by the following characteristics: 1. # € ©, © a compact subset of R; 2. |m(®(z;0)| < C
for all z, § € © and d = 1,2, where m(? (z;6) is the d*" order partial derivative of m(z;6) with respect to
its first argument evaluated at 6 and x; 3. for all x € G an arbitrary compact subset of &, and 8 € © there
exist constants 0 < Cp, < Cy < oo such that Cp < |m(z;0)| < Cp; 4. ’%’ <Cforallfand z € G, G
a compact subset of R.

In what follows it will be convenient to write, m(z, @) — m(z) = iz;;l W (%,x) ZF where

Z¥ = Zi(x) — m(z) — mW (z)(z; —x), W, ("”h:"”,x) =S Ha) (1 === )/K (%) with

T n

Sp(r) = L Zy:lK (%) 2?21 K (%) (rh—:r)Q = ( Sn,o(x) Sn,1(33) > ,
nha \ S K (522) (522) 2k (522) (522) snale) sn2(@)

and Z;(z) = m(z;0) + (y; — m(z;, 0))r® with r; = ZL(%;?) is the i*" component element of the vector Z(z).

The following Lemma is a special case of Theorem 1 in Martins-Filho and Yao (2005) for independent and
identically distributed (IID) data. We provide a proof of Lemma 1 in the appendix to facilitate reading and
understanding of our arguments as the proof for the non-IID case is substantially longer and more involved.
Lemma 1 Assume A1, A2, A3, and let G be a compact subset of R. If s,, ;(x) = i YK (%) (%)J

for 7 =0,1,2 we have,



In(n) 1/2
a) If nh3 — oo then supyec|sn,j(z) — E(sy,j(x))] = Op ( ok ) ,
0

n 3
b) If ﬁ — oo then supregﬁ|sn7j(x) — E(sp,j(x))] = 0p(1),

~
3

|

8

c) If ZZ?Z) — 00 then m(x,a) — m(x) = m Dy = ) ZF + Op(R, () where

with Z~;‘ =7 — m(x) — m(l)(x)(xi — ).

In the following theorem we establish the order in probability of the difference between m(z, o) —m(x) and

1 n xTi—
nhn,gx (z) Zi:l K ( hn

gation of the asymptotic properties of m(x, o) —m(x) by restricting attention to m S K ("” "”) zZr.

T) Z~;‘ uniformly in G. This result permits, under suitable normalization, the investi-

Theorem 1 Assume A1, A2, A3 and Aj. In addition assume that ln(i) — 00, then for allx € G, G a

-0, ((h"lz(n) ) 1/2) +Oy(h)

The next theorem establishes the asymptotic normality of m(z, a) — m(z) under suitable normalization.

compact subset of R we have,

iz, o) — m(z) — nhngx iK(x )z

1=1

SUPzeG |

Theorem 2 Assume A1, A2, A3 and A4. In addition assume that E(|g;|>T°|x;) < C for some § > 0,

ZZ?Z) — 00 and h2ln(n) — 0, then we have for all x € G a compact subset of R

Vnhy ((z, a) — m(z) — B(z: o, 0)) % N (o, ;’X((”;)) /K?(w)cw)

where B(z; o, 0) = $h20% B.(z; v, 0) + 0,(h2) and

m(l) x m(l) xX, mlx m(2) xX,
B(z;0,0) =4 (2) - B (z) = mP(z) - (1 - a)ym®(a:0) —a (2 (@) (T;L?;;;) @)m = ’9)>
L ala+ Dm@)(mD(@:6)?  ala—1) (mV ()"
m(x; 0)?2 m(x;0)

It is easy to verify that the asymptotic bias for the local linear estimator of Stone (1977) can be obtained
directly from our Theorem 2 by setting @ = 0 and m(x; 8) = ¢. Furthermore, the results in Theorem 1 in Glad
(1998, p.653) can also be obtained directly from our Theorem 2 by setting o = 1 with m(x; 6) € M. Theorem

2 also reveals that the variance of the asymptotic distribution of the estimators in the class we propose do



not depend on m(z;6) or . As such, their variance is equivalent to that of a one step estimator of m(x) such
as the local linear estimator of Stone (1977) or the two step estimator of Glad (1998). Asymptotically, the
difference among the estimators in the class lies primarily on the bias term B(z; v, #), which clearly depends
on « and m(x; 6), which ideally would be chosen simultaneously to minimize bias. However, it is instructive
to consider their impact on bias separately.

The impact of m(z;0) : It is convenient to write B.(x; «, 0) as

B.(z;a,0) = m(Q)(x) — m(Q)(x; ) (1+ a(l —po(x;0)))
+ a(;0) (a (14 po(x;0)) — (1 = polx; 0)) — 2ap1 (x5 0))

(m(l)(fc;e))2

m(x mD (z
where po(z;6) = ﬁ, pi(w;0) = 2B and a(a; 0) = T (@:0)

D (2:6) . We now make the following observa-

tions regarding the impact of m(z;6) choice on the bias: (a) if the parametric guide m(x;6) has k** order
derivatives (k = 0, 1, 2) evaluated at x that are equal to those of m(z), implying that po(z;0) = p1(x;6) = 1,
then B.(z;a,0) = 0. In this case, m(x, a) has a leading bias term that is strictly smaller in absolute value
than that of the LL (or NW) estimator for all o. Hence, in this case the choice of o has no impact on
Be(z;a,6); (b) if m(x;0) and m™M (z;6) are ‘close’ to m(x) and m((z), in that po(z;0) = 1 + ¢, and
p1(2;0) = 1+ £ for e € B(0;6) a small neighborhood - § of zero, then Be(z;a,8) ~ m® (z) — m®(z;0).
Given that m(® (z; 6) # 0, sufficient conditions for bias reduction of 7(z, a) relative to the LL estimator are
given by: (i) m®(z) and m® (x;0) have the same sign; (ii) |m(2)(x)| > |m(2)(x; 9)| As in (a), Be(z; , 0)
does not depend on a; (c) if m(z;0) and m(P)(z;6) are not ‘close’ to m(z) and m("(z) in the manner
described in (b), then « plays a crucial role in obtaining bias reduction. This observation stresses the im-
portance of considering the broader class of estimators we propose, since bias reduction can be attained (or
improved) relative to the estimators currently available. We illustrate this point with two simple examples.
Example 1. Suppose m(z) = 1+ x + 322, m(x;6) = 26 and assume that z; ~ U[0.6,1] and independent,
and y;|x; = x ~ N(m(x),1) for i = 1,2,---,n. We consider the estimation of m(z) guided by m(z;6) with

a = 2 and compare it to a = 0 (additively corrected and LL estimators), and o = 1 (Glad’s estimator).?

5Since the parametric guide is linear, the LL and additively corrected estimators coincide.

10



J (Be(a31,60)%ds

The gains of considering o = 2 are significant as =%
J, ((Be(@:2,00))%da

= 4.4, which measures the gains relative

U (Bo(2:0,00))2dx
to the Glad estimator, and % = 13.2 which measures the gains relative to the additively
0.6 c\T=T0 *

corrected and LL estimators.® In this example, Glad’s estimator has smaller bias than the LL estimator,
but by considering other estimators in our proposed class, bias can be significantly reduced.

Example 2. Suppose m(z) = (1 + )4, m(z;0) = 26 and assume that z; ~ U[0.4,1] and independent,
and y;|x; = x ~ N(m(x),1) for i = 1,2,---,n. We consider the estimation of m(z) guided by m(z;6) with

a = —0.25 and compare it to a = 0 (additively corrected and LL estimators), and o = 1 (Glad’s estimator).

1 . 2
1[()_4(36(?5,0,90)) da
i (Be(@;-0.25,60))dx

J (Be(w31,00)%ds

[} (Be(w=0.25,00))%dz

Here, =2.71, and = 44.4. In this example, Glad’s estimator does
not reduce bias relative to the LL or additively corrected estimators, however, once again by considering our
broader class of estimators, we are able to reduce bias significantly relative to the LL estimator.

The impact of «a: Since the bias of the estimators in the class we consider generally depend on «, a natural
question that arises is whether or not an optimal estimator can be defined (or chosen) based on « for given
m(x; 0) and bandwidth h,,. A commonly used criteria for estimator selection is mean integrated square error
(MISE), hence we define MISE(«) = E ([ (m(z, o) — m(x, a))?dzx) for a specified parametric guide m(z; 6).

Given that the asymptotic variance of m(z, o) is not a function of o, minimization of M ISFE(«) is equivalent

to minimization of
/Bf(x; a,0)dzx. (14)

Ignoring the terms in B.(z;«, ) with order smaller than h?2

n?

we obtain after some standard algebra the

following equation that must be solved to obtain the value of & that minimizes (14),
A(z;0)a® + B(z;0)a + C(x;0)a + D(z;0) = 0 (15)
where A(w;0) =4 [ Q1(x;0)*dz, B(x;0) =2 [ Q1(2;0)Qs(x; 0)dz, C(x;0) = [ (4Q2(w;0)Q1(;0)

+2Q3(x;0)?) dx, D(x;0) = 2 [ Q2(w;0)Q3(x; 0)dz, with

m(z) 1
m(x;0)2  m(x;0)

Q1(z;0) = ( > (m(l)(x; 0))?, Qa(x;0) = m(Q)(x) — m(Q)(x; 6) and

6Here 6 is calculated by minimizing the Kullback-Leibler discrepancy or maximizing the likelihood function. For a = 1,0
the bias term doesn’t involve 6.

11



2 _
m(z; 0) m(x; 0)

m() 1)/, 2 m(x) 2) /...
+ py I (m( )(x,ﬁ)) — 7m(x;t9)2m( )(z36).

Qs(z:0) = mP(z;0) — m® (2)m™ (z; 0) + (m(l)(x;ﬁ))Q

First, we observe that as a polynomial of order 3 in «, equation (15) may have multiple roots depending on
A(x;0), B(x;0), C(x;0) and D(x;0). Second, these terms involve integrals of functions of m(x), m(x;0) as
well as their first and second derivatives, all of which are in practice unknown. Hence, to render equation
(15) operational, the unknown functions m(z), m™" (z), m® (z), m(z;6), m™" (z;0) and m® (x; ) must be
replaced by suitable estimates. Given the first step parametric estimators, it is straightforward to obtain
m(z;0), m (z;0) and m® (z;60). The remaining unknown functions -m(z), m™ (z) and m® (z) - can be
estimated by a traditional local polynomial estimator of order 3. Solving an estimated version of equation (15)
produces a data-driven, and consequently stochastic, a that gives the researcher a sample driven guidance
to the choice of «, or equivalently, the preferred loss function. The difficulty here is that a data-driven
stochastic a redefines the structure of our proposed estimator rendering potentially invalid the asymptotic
results of Theorem 2.

The difficulties outlined in the previous paragraph are similar to those faced by Naito (2004) in the
context of density estimation and are conceptually no different from those involved in the choice of h,,
the bandwidth (Ruppert, Sheather and Wand, 1995). In general, the expression for an optimal bandwidth
that minimize MISE depends on the unknown second derivative of m(x) and the gx(z) which need to be
estimated based on the available data. The resulting data driven bandwidth based on such estimates is
stochastic and the derived asymptotic properties of estimators based on such bandwidths are not generally

available.

3.2 The Estimator m(z, a)

We now consider the case where the parametric guide results from a first stage estimation procedure, i.e.,
we have m/(x; é) Theorem 3 shows that under fairly mild conditions there is no impact on the asymptotic
distribution obtained in Theorem 2 when we consider a stochastic parametric guide m(z; é) Clearly, the

parametric guide used in the first step of the estimation is almost surely an incorrect specification for

12



the regression model. Hence, we assume that the first stage estimator is a pseudo maximum likelihood
estimator and that 6 is the pseudo parameter value that minimizes the Kullback-Liebler distance between
the assumed parametric joint density of (y;, ;) and its true joint density. Hence, if h(y, x;0) = gx (z)he(y|x)

is the assumed parametric joint density of (y;, z;) and h(y,x) = gx(x)h(y|x) is the true joint density,

o= aramince (1 (292Y) 2 rgminsc | [0 (252 1ty

We now make the following additional assumption that assures that the pseudo maximum likelihood estimator

0 satisfies \/n(f — 6p) = O,(1) (White, 1982).

AssuMPTION A5. 1. E (In(h(y, x))) exists and |in(h(y, z;0))| < u(y, x) for all § € ©, where E(u(y, x)) exists

and F (ln ( }5&'3))) has a unique minimum at 6y; 2. %ﬁjf“e)) for i = 1,-- -, q are continuously differen-

tiable functions of ¢; 3. ’%&0’?0)) < m1(y,z) and al"(hgé’i’r;e)) al"(}gg;”;e)) < mo(y,z) forallf € ©,4,5 =

1 Zn Oln(h(yt,r+;00)) Oln(h(y:,x+;00))
t=1 90, -

K3 J

1,--+,gwhere E(m1(y,x)), E(ma(y, z)) exist; 4. 8y is in the interior of O, n

@,”’f“%)) has constant rank in a neighborhood of 6.

K3 J

is nonsingular and n='>"}" | BQZ"(%
Theorem 3 below is the main result of the paper. It establishes that under A5 there is no asymptotic loss in
estimating 6. As such, under suitable normalization the infeasible and the feasible versions of the estimators
in the class we proposes are asymptotically equivalent.

Theorem 3 Assume A1, A2, A3, A4 and A5. In addition assume that E(|e;|>*°|x;) < C for some § > 0,

2 00 and h2in(n) — 0, then for all x € G a compact subset of R we have

In(n)
o Jrewm)

vV nhy (m(z, o) — m(z) — B(x; «, b)) 4N (0,

where B(x; a,0p) = £h202 Be(x; a, 0p) + 0p(h2).

1
2

It is worth mentioning that relative to traditional nonparametric regression estimators, such as NW and
LL estimators, m(x, «) is more expensive from a computational perspective, given the need to obtain a first
stage parametric guide m(x; é) When the parametric guide is linear in 6 the additional computational cost
is negligible, but the cost can increase rapidly for nonlinear parametric guides.

Given the asymptotic equivalence of m(z,a) and 7 (z, ) all comments made following Theorem 2 re-

garding the impact of m(z; ) and « on the magnitude of the bias term apply to 7 (z, ). In particular, since

13



in practice it is not possible to evaluate the distance between m(z;6) and m(z), bias reduction could be
attained by exploring different estimators in our proposed class through a suitable choice of a.. As illustrated
in examples 1 and 2 following theorem 2, linear parametric guides in combination with a suitable choice of «
can be effective in producing significant bias reduction. It is important to recognize that this improvement
is only possible by considering a class of estimators indexed by «, and may not result if attention is limited
to Glad’s estimator or the additively corrected estimator of Rahman and Ullah (2002)(see examples 1 and
2). Hence, as a practical guide for implementation of m(x, «), we suggest that a linear parametric guide be

chosen followed by the algorithm we propose on p. 11 to select a.

4 Simulation

In this section we provide some experimental evidence on the finite sample behavior of our proposed estimator.
We also compare its performance to that of the estimator proposed by Glad (1998), and the local linear
estimator of Stone (1977) and Fan (1992). We consider the same two DGPs studied by Glad. The DGPs

and parametric guides considered are given in Table 1, that follows.

TABLE 1 - DGPs AND GUIDES

m(x DGP1 =2+ sin2nx DGP2 =2+ 2 — 222 + 32°
TrueDGP o o 0.50 0.70
Pll Zé()—Fél sin 2wz Pf:éo+élx+92x2+93x5
Parametric Guides | m(x; é) P = Oy + b1z P; = 0o + b1z
P31 = éo+élx+92x2+égx3 P32 = é() —|—él$—|—92€‘r

{z;,e;} are identically and independently distributed with x; drawn from an uniform distribution and ¢;
drawn from a normal distribution with 0 mean and standard deviation given in Table 1. The sample size
considered are n = {50, 100, 200,400} and the number of replications M = 500. We consider 51 values of the
parameter o varying from -5 to 5 with steps of size 0.1.7 An optimal bandwidth that minimizes the mean
integrated square error (MISE) is used in the simulation. Given the local linear structure of our estimator it

is straightforward to obtain the optimal bandwidth that minimizes the asymptotic approximation for mean

"The choice of « is guided by the intention of including both positive and negative values of «, as well as taking into account
the special cases where &« = 0 and a = 1 that corresponds to the additively corrected estimator and that of Glad (1998).
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integrated squared error (Ruppert, Sheather and Wand, 1995). It is given by,

(z)

2
o

dx
gx(z)

N 1 1
h, = argminhnzaf(hi/Bc(x;oz,ﬁ)de—F T/KQ(w)dw/
Ny

where h, = n~1/3 (fﬂg(r)gx(r)‘ldmfz(w)?w

1/5
S . In our simulations, the unknown components of the
oKfBC(fc;oz,O)Qdfc

optimal bandwidth expression - m(z), m™) (), m® (z) - are known, but in practice they must be estimated.®
It is important to note that here the optimal bandwidth is a function of . In all cases, we use the standard
Gaussian kernel.

Table 2 and Table 3 provide the simulation results for DGP1 and DGP2 respectively. In Table 2 the true
DGP is given as 2 + sin2rz, P} = 0y + 0y sin 27z, P} = 0y + 012, P} = 0y + 612 + 6222 + 32 and the
standard deviation of the error is 0.50. The rows associated with Glad, Add, and LL represent the results
corresponding to the multiplicative corrected estimator of Glad, the additively corrected estimator, and the

local linear estimator. The row best is associated with the value of o that produces the estimator in the class

MSE®best

17sn— < 1, and consequently

with smallest MSE, given the chosen parametric guide. We define Eff7 =
desirable estimators must have high E f f.

In Table 3 the true DGP is given as 2 + z — 222 + 32°, P2 = 0y + 0,2 + 022 + 0325, P2 = 0y + 6, x,
P2 = 0y + 61 4 02¢". The standard deviation of the error is 0.70. All other entries in Table 3 correspond
to those in Table 2.

To evaluate the performance of our class of estimators, we estimate the model using all 51 values of «

and report the results for that o which yields the lowest sample MISE °. We use 7 and j to denote the index

of replication and parametric guide respectively. Let

' | M R
B = i ;[fn;(x“ a, 0) —m(z;)],

' LM . 1 M A
Slj = M;[Aj(xiaaao)_M;m;(xi’a’o)]Q’

Bi =B, .. Bi and & =[S .. S}

71 where m (7, a, 9) is estimated conditional mean for the 7" repli-

cation and the j'" parametric guide. m(x;) is the true nonparametric function. Let B2 =n~! S (B)?,

8Suitable estimators are given in the comments following Theorem 2.
9 As we do not prove the strict convexity of MISE with respect to a there may be several o that minimize MISE.
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VIi=n"'3" 8/ and MSE! = (B!)? + S/ be the squared bias, variance and mean square error of esti-
mates, respectively. Thus MSE for model j is given by MSE/ = n=' 3.7 MSFEJ. While comparing two
estimators, the one with higher Eff7 is preferable.

We find that for both DGPs when the parametric guide is correct, i.e., coincides with the true regression,
there is substantial bias reduction for all sample sizes and all combined estimators vis a vis the local linear
estimator.'? If the linear guide is a poor approximation for the true regression, we find that both Glad
and the additively corrected estimator provide negligible improvement over the local linear estimator. This
conclusion coincides with the results obtained in the simulations of Glad (1998). It can be theoretically shown
that, when the parametric guide is linear the additively corrected estimator and the local linear estimator
have the same leading term for the bias. Hence, for both DGPs we find that the E f f statistic is the same for
the additively corrected and local linear estimators in the case of a linear parametric guide. As the variances
of the estimators in the class do not depend on « and first stage estimation, it is expected that variances
across parametric guides and « should be of similar magnitude, which is observed in our simulation results.
For DGP1 we find that Glad’s estimator is closest to the best model when the parametric guide is not linear.
However, for the best model there is significant improvement in terms of bias reduction. For DGP2 we find
that the estimators’ performance depends on the parametric guide. Both estimators outperform the local
linear estimator when the parametric guide is not linear. Also, it is observed that in all cases the best model
does not coincide with either the additively corrected or Glad’s estimators.

Finally, we note that the optimal « obtained wvia the grid search described above and used in the simu-
lations is very close to the « obtained by solving equation (15). This suggests that the asymptotic approx-
imation for the bias in Theorem 3 seems to be fairly reasonable for sample sizes of relative small size, i.e.,
n = 400. For example, we find that for DGP1 with n = 400, the « obtained from the grid search method

are—1.7, and —1.8 for parametric guides PJ, and Pj, respectively. The corresponding numbers obtained

10Under the unrealistic assumption of a correctly specified parametric DGP, a suitable parametric estimator (possibly unbiased
and efficient in an appropriately defined class) can be chosen, and the bias-variance tradeoff intrinsic to all nonparametric
estimators considered herein can be bypassed.
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from solving equation (11) are —1.75, and —1.76 respectively.'’ For DGP 2 we derive a similar conclusion.'?

5 Conclusion

This paper proposes a class of nonparametric regression estimators that improve the bias of traditional kernel
based nonparametric estimators without an increase in variance. This class of estimators is associated with
the minimization of a new loss function, which depends on a parameter «, that includes as special cases well
known estimators such as the local linear (polynomial), Nadaraya-Watson, Glad (1998) and an additively
corrected estimator. The estimators in the class can be obtained in a two stage procedure. In the first stage,
a parametric estimation reduces the variability of the regressand, and in the second stage a local linear
(polynomial) estimator is fitted to the modified regressand that incorporates the impact of the curvature of
the first stage parametric fit in the neighborhood of .

We obtain reduced bias due to smaller variability of the modified regressand. Inclusion of a allows for a
larger scope for bias reduction compared to the existing combined estimators. The variance of the estimators
in the class does not change asymptotically, although our simulations reveal that in finite samples variance
is also reduced relative to that of the local linear estimator.

Bias and variance of the estimators in the class are derived and asymptotic normality is established. As
the second stage modified regressand includes the parametric fit, first asymptotic normality is established for
a nonstochastic parametric guide. Subsequently, it is shown that when the first stage estimator is obtained
via pseudo maximum likelihood estimation, the final estimator inherits the asymptotic properties of the
estimator obtained with a nonstochastic guide.

We perform a small Monte Carlo study to evaluate the performance of the new estimator relative to that
of the existing alternatives. The indexing parameter « is allowed to vary over a range negative and positive
values. Our simulations provide following conclusions: (1) when the parametric guide coincides with the
true regression, all combined estimators outperform the local linear estimator; (2) even when the parametric

guide is highly misspecified there exists an estimator in the proposed class that provides significant bias

1 When the parametric guide is equal to m(z) the left-hand side of equation (15) is identically zero for all z.
12In fact, optimal values of a do not vary significantly with n for n > 100 in our simulations.
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reduction vis a wvis the local linear estimator. This is significant, since currently available estimators that
attempt to reduce bias with parametric guides, do not significantly reduce bias relative to the local linear

estimator when the guide is severely misspecified.
6 Appendix

Lemma 1: Proof a) We prove the case where j = 0. Similar arguments can be used for j = 1,2 given
A2. Let B(zo,7) = {x € R : |z — x| < r} for r € RT. G compact implies that there exists zo € G such
that G C B(xg,r). Therefore for all z,2' € G, |x — 2’| < 2r. Let h, > 0 be a sequence such that h,, — 0

as n — oo where n € {1,2,3,---}. For any n, by the Heine-Borel theorem there exists a finite collection of

—1/2\ ) !n l ~1/2 1/2
sets {B (xk, (h%) >} such that G C U;* | B (xk, (h%) > for z, € G with [,, < (h%) r. For
3 1 3 3

—1/2
reB (xk,(h%) >,

[sn,0(z)—sn,0(zk)| < (nhy) 1ZC’|h (zr—)| < C(nh,) Y% and |E(sn.0(z1))—E(sn.0(z))| < C(nhy) "2

Hence, [sn,0(2) = E(sn,0(2))| < |sn0(xx) = E(sn.0(xx))| + 2C(nh,)~1/? and

supsec|sn,o0(r) = E(sn,o(x))| < mazi<r<,|sno(zr) = E(sno(an))| +20(nh,) =2,

1/2
Since 2 ( o (n)) C(nh,)~'/? — 0, then to prove a) it suffices to show that there exists a constant A > 0 such

1/2
that for all € > 0 there exists N such that foralln > N, P ((12?5)) mazi<k<i,|Sn.0(x) — E(sn,0(x))| > A)

in(n) 1/2
€. Let e, = ( o ) A. Then, for every n,

In
P (mazi <<, |sn,0(xx) = E(sno(@r))| > en) <D P(|sno(@r) = E(sno(wr)| > en) -
k=1

But [sn,0(21) — E(sn.0(r)| = |1 S0, Win| where Wiy, = 2K (272%) — L E (K(h;)) with B(W;,) = 0

n

and [Wi,| < £. Since {W;,}, is an independent sequence, by Bernstein’s inequality

1 Sn.olX —F Sn.0lT En 2ex P
,0\Lk ,0\Lk p 2hn—2 QC:;ETL

where 52 = n~ 12" V(Win) = h2E (KQ (m)) - (h;lE (K (%)))2 Under assumptions Al

hn

and A2 we have that h,5> — Bz» by Lebesgue’s dominated convergence theorem for some constant Bge.
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2 2
Let ¢, = 2h,62% + %Csn. Then, th";z:zfgsn = _Acl"("). Hence, for any € > 0 there exists N such that for
nG24+ =5 Cn

alln > N,

1/2
P (mazi<k<i,|Sn0(xk) — E(sno(zk))] > €n) < Ao < 9 (th > rn e < 9 (nhi)_l/2 r<e
since ¢,, — 2Bz2 and therefore there exists A2 > 2B;-.

3
b) The result follows directly from part a) and the assumption that % — 00.

c¢) Let S(x) = ( gXO( z) gx(g)cr%( > and A, (z) = m(z,a) — m(z) — m YK (%) Z?, then

Al = o (% () - (7)) 2
= L0 @) - 57 @) Zi K (%52) Z

S K (%) 52
i ((1,0)(5; M (x) — §~1(@))2(1,00) /2 L (

IN

T;i— T\ T; — T ~
zZ .
() =)

= O,p(1) uniformly in G. Hence, if we put

By part b) B,(z) = ﬁ ((1,0)(S;* (=) —S_l(x))Q(laO)/)l/Q

Raa(e) =0t (|0 K (572) 22|+ [ K (572) =22

Theorem 1: Proof Given that gx(z) < C for all x from Al and part ¢) of Lemma 1, we have
Ti =T\ S
Chn B ( ZK ( )
1 < Tr; — X T, — T\ =
i K 7

Chn B () (|er(2)] + |ea(2)])
Since By, (z) = Op(1) uniformly in G from part b) of Lemma 1, it suffices to investigate the order in probability

) the proof is complete.

IN

+

of |e1(z)] and |ca(x)|. Here, we establish the order of ¢1(z) noting that the proof for co(x) follows a similar

argument given assumption A2. We write ¢1(x) = Iy, — Ian, — I35 + I4n, where
1 T;—T 1
I, = — K(=2—=)(-BW i —x)— =B® i—x)2 —o((x; —x)?
we) = Y H () (B @ ) = B = 0 ol =)

() = 308 (BE0) (e - ) - 0@ - 2 of(ai - )

Ln(z) = Léf{(%”) m® (@) (@i — )



m(v,0)

where B(v) = m(v, 6) (%) , 7(v) = m(v) (m(fc;G)) and B® (v) and 4(?) (v) are derivatives of order d

evaluated at v, whose existence follows from assumption A4. Now,
1
Iy (x) = —B(l)(x)hnsml(x) — 53(2)(@/1,215”72(@ —o(1)h2 s, 2(),
and since from A4 |[BM(z)|,|B®(z)| < C for all z € G, we have

supgec|lin(z)] < Chpsuprec|sni(z)| + Chisuprec|sn2(x)] + o(1)h: suprec|sn2(7)]
< Chysupzec|sni(@)| + ChZsupsec|sn2(z) — E(sn2(x))| + Chlsupzec|E(sn2(2))|
+  o(1)h} supzec|sn2(x) — E(sn2(x))| + o(1)hy supzec|E(sn 2(z))]

< haO, (( IZ?;)>_1/2> +h20, (( IZ?;)>_1/2> +Ch2

where the last inequality follows from part a) of Lemma 1 and the fact that supgec|E(sn2(x))| = O(1).

Similarly, given that [y (z)|, |[y?(x)] < C for all z € G we have that

supzec|lon(r)| < hnO, ((%>_1/Q> +h20, ((%) _1/2> + Ch2. (16)

L (x) = mM (x)h, 8, 1(x), and consequently, from part a) of Lemma 1 and the fact that |m™)(x)| < C for

all x € G by A4,

nhn \ ~?

Now, we consider

K3

= m(z:0)%a(z) where q(x) = 2= S0, K (522) 5l

Iin(z) = m(z;0)* (ﬁ : K (x/;x> m(; 9)“)

[Lan(z)] < Clg(z)| by Ad.

ln

—1/2 —1/2
Now consider an open covering {B (xk, (h%) >} such that G C UL":1B (xk, (h%) > for x, € G

k=1

1/2
with [, < (h%) r as described in the proof of Lemma 1. Then, we can write

lg(x)| < lq(x) —q(zr)| + lg(zr)|-
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Now, observe that

lq(z) — q(zx)| =

1 — Tp —T leq|
< — C by A2
= nE T | m(ei, )]
1 n
< 2)71/2 | by A4
< C(nh n;uby

Also, by the fact that the conditional variance of ¢; is bounded for all z, we have that E(|q(z) — E(q(zk))|) <

C(nh2)~'/2, hence

1 n
supsecla(@)| < mawicesy o) + Ch?) "= el
=1
-1/2

IN

mazi<p<i, |q(zr)| + C(nh?)

The last inequality follows since by Kolmogorov’s law of large numbers = 37" | |e;| = O,(1). Hence, we now

focus on maz1<k<i, |q(zx)|. First, put f(z;, &) = and let

£i
m(x;,0)*

1 < Tr; — X
P@) = 3K ( ) Sanet15e 20| < B.)
nhy, ~ hn,
where B; < By < --- such that Zl 1 B; % < oo for some s > 0 and I(-) is the indicator function. Consider

supzealq(z) — qB(x) — E(q(z) — q° ()| < Tin + Ty, where,

Tin = supgec|q(e)—q® ()] = suprec = 2oiey K ("” "”) f@ie)I(|f(xisei)| > Bu)l|s Ton = supzec|E(q(x)—
q?(z))|. By the Borel-Cantelli Lemma, for all ¢ > 0 and for all m such that m’ < m < n we have that
P(|f(xm,em)| < Bn) > 1 — ¢, and by Chebyshev’s inequality and the increasing nature of the B; sequence,
for n > N € R we have P(|f(z;,&i]) < Bn) > 1 — €. Hence, for n > max{N, m} we have that for all
1 < n P(|f(xs,e1)] < Bn) > 1 — ¢, and therefore I(|f(x;,e;)| > Bp) = 0 with probability 1, which gives

T, = Oas(l)' Now,

|E(q(z) - ¢° ()]

IN

|f(x“ 51)|g(x1, El)dxldé‘l
nhin i=1 |f(ri75i)|>Bn h

1 // (xl — >
> K lei|lg(xie;)daide;
CYLh'” lei|>BnCL
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IN

C/K(wl) ,/|5i|>BnCL |E¢|g($+ hnwufl)dfldw1

IN

Csupmec/ leilg(z, e:)de;
les|>BnCL

By Holder’s inequality, for s > 1,

1/s
/ leilg(a, e1)de: < ( / |s¢|8g<x,s¢>da) ( RCE Bncmg(x,a)da)
|€1‘|>BncL

The first integral after the inequality is uniformly bounded, and since g, |, (z) < C, we have by Chebyshev’s

1-1/s

Inequality

1-1/s
(/ I(|€1| > BnCL)g(x,si)d&) < C(P(|El| > BnCL))l_l/s < CB;L_S,

hence Ty, = O(B,;~*) and supszeclq(x) — ¢° (z) — E(q(x) — ¢ (2))] = Ous(B, ). Now,

ln

P (mazi<p<i,|q®(@r) — E(q® (@) > €n) <D P (1¢% (@x) — E(q®(ar))| > €n)

=1
and let ¢P(z) — E(¢P (zx)) = n=1 Y1 | Zi, where
Zin = (52) v G 20) < B - B (5K (B20) flase 1 (oveil < B2).

Since f(x,€:)I(|f(zi,€:)| < Bp) < B, we have that |Z;,,| < CBy,/hy, E(Zin) = 0, and since {Z;, }_; is an

independent sequence, by Bernstein’s inequality

—nhne%
P (Iq%(xx) — E(q” (x1))| > €n) < 2exp
hn (26’2 + —203%:6")

where
52 :n—liV(Z') = LE (K2 (xl —x> f(@i, e)?I(|f (xi )] < B )>
i=1 ' h121 hn L 1<) = &n
2
_ (%E (K (xlh;$> flzi,e)I(|f(xs, )] < Bn)>>
< hl—%E (K2 Ti—x 1 > B2

(57)
(%)

2
1
i €ilGe;|a; (€1)desdz;
|m(x¢,9)a|gx(x)/| ., |§Bn| |Ge |2, (€4) x)

(7,007

IN

miC [ K3 Wgx (o + by + C? ( [ Kwox+ hnwdw) < om

22



where the bound follows form assumption Al and the fact that E(c?|z;) = o%(z) < oo for all z. Given that

1/2
€n = (%) A, we have

. - n1/2 a2
P (max1§k§1n|q (zx) — E(¢° (zx))| > Gn) <2 5 n” en

n

where ¢,, = 2h,02% + %CBnen. Now, h,5? = O(1) and ¢,, = o(1) provided B,e, — 0 as n — oco. Hence, for

A? sufficiently large

P (mawi<p<i,|q” (wx) — E(¢" (w1))] = €n) <

Hence,

supsecla(z)l < supsecla®(¢) = E(¢” ()| + supsecla(z) — 47 (z) — E(a(z) — ¢ (2))]
= supsecle®(z) = E(q” (2))] + Ous(B, ™)

< mazicpz, g (2r) = B(q” (21))| + C(nh7) ™% + Ous(B, ™)

By choosing B, =n+7%, 8 > 0 and s > 2 we have O(BL~*) = o(n~'/2). Then,

nhn, \ ? nh, \ 2
supgeclg(z)] = O, ((ln(r%) ) and therefore supyeq|lan(z)| = O, ((ln(r%) ) . (18)

1/2
Combining the results for I1,,(z), Ion (), Isn(x) and L, (z) we have h,supgealer(z)] = O, ((M) > +

-0, ((h"l;‘(”) ) W) +0,(h3).

Theorem 2: Proof From Theorem 1, and given that h2in(n) — 0, we have that

*)z ) —op(1),

O,(h3). Hence, given that B, (z) = O,(1) we have that

i, @) — m(z) - Z (%) z

nhngx ~

SUPzeG |

Vnhy ( (z,a) — m(z) — nhngx ZK(

1=1

thus we focus on the asymptotic behavior of

\/nhn< Z (xl > ~f> = nhn;(hn(fﬂ)—bn(ﬂ?)—Isn($)+f4n(x))

nhngx (z =1 9x ()

where I;(x) for i = 1,---,4 are as defined in the proof of theorem 1. We first examine /nh, gX(r)I4"( x) =

n K (5= o2 Ti—T o .
S0 Zu where Zi = BT Note that E(Zin) = 0, V(Zin) = st B (K2 (5z2) r2e), and if
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we define

n 2
2 _ Zin - 9 p(r2(*TT),2ae)
o= V) = o (1 () o

=1

By Lebesgue’s dominated convergence theorem and assumption A4 we have that s2 — o (r) [ K2(y)dip. By

245
o > = o(1) for some

Sn

Liapounov’s central limit theorem $.7 | Zin 4N (0,1) provided that Y1 | E (

=1 s,

0 > 0. To verify this, note that

- Zin |1 o1 spgx(@) 01 T —x o
ZE(’; ) = (s)) /7(nhn)5/2 EE ’K( e >5”'1'
i=1
—2-§
1 s09x(x 1 T;— o
= (sp)17? E;(h))é/Q_h_E (K2+5( I > E(jeil**|i)r§ |2+6>

IN

oo Zn L (s (222)) gty [ 10y

n

given E(|e;|**|z;) < C and assumptions Al and A2. Now, since 1~ E (K2+5 ("”n"”)) — Cgx(z) [ K*(y)dy,
246
> =o(1).

(x) sn

5121—>g)‘(72 J K%(y)dy and nh,, — co we have Y 7" E(

From Theorem 1 we have that,

e () - <ono (35) )

and therefore —==L_— 57" 1K("“‘"“) B (2)(z; — ) < (h2In(n))/20,(1) = o(1). Similarly,

T ZK (Z) 2o — ) < (B2 20,(1) = o(1)

TL

and

222 ) ) (2) (2 — ) < (B31n(n)) /20 (1) = o(1). Now, let

1 n :
Vnhngx(z) 2in K ( h
—-BA@)p2 & zi—z\ [(zi—z\°
n — K
vn(@) = 2nhngx(x Z ( >( hn, >

1=1

then,

0% 9x(z) and

(10 (59 iy o f oo ) o

v (T —B®) (g
Bloale)) _, —B0G) 52

bale) _ —B® (@) 5
2

Hence, by Chebyshev’s inequality 0% gx(x) = 0p(1). Following the same arguments

] _7<2><r>h2 n rimo\? Oz
h2 2nh,gx (z Z h a 2 ( )U%(gx(x) =0p(1).
n -1 n
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Hence,
- - d o? 9
Vnhy, (m(z, ) —m(z) — B(z;a,0)) = N (O, —gx(x) /K (¢)d¢>

where B(z; a,0) = $h20% (v (z) — B@()) + 0,(h2). Simple manipulations give,

m(l) X m(l) X, mix m(2) X,
Bu(r;0,0) =12 (@) - BO(2) — m<2><x>—<1—a>m<2><x;9>—a(2 (2)m (@:6) + m(z)m( ’”)

m(x;0)
afa+ Dm(x)(m®(z; 6))° 4 ola— Lm™ (x; )
m(z;6)? m(x;0)

_|_

and therefore we can write B(z; o, 0) = $h20% B.(z; , 0) + 0p(h2).0

Theorem 3: Proof We prove the theorem by establishing that

nhy(m(z, ) — m(z, o)) = 'S, (z \/’bL_"ZzllK(rgzr)% =o0
Vb (i@, o) — iz, @) = ¢S, ( )( s (e (r r)%) p(1)

where ¢; = Z; — Z;. Since S;'(x) = Op(1) and K has compact support, it suffices to show that «, =

\/n;Tn S K (Xh_"”) ¢ = 0p(1). We write

n

Qn

Il
S
3
—
§‘>—~
N
~

e

Vb (Qun(2) + Q2n (%) + Qan () + Qun(2)) -

+
2
> =
3

~
S

o
|
3

8
N————

=

SQ

and treat each v/nh,Q;y, for j =1,---, 4 separately.

VihaQua(e) = Vil ((sn0(w) = gx () (m(a: o) = m(: 6)) + gx () (m(zs60) — m(x:0)))

Now, note that by Taylor’s theorem

Ao o . 8m (x; 9
m(a; 0)* — m(w;00)°| < |a|(m(; 0m))* | | =5,

’|9 Bol, O = A0 + (1 — \)fy where A € (0,1).

and given 0 < Oy < |m(z:0)] < Cy < oo for all § € ©, = € G, and ]%] < C, we have that
supzea|m(z; 0)® —m(x;00)% < C|0 — o] = n=1/20,(1) by Theorem 3.2 in White(1982) for every a, which

gives m(x;6) — m(x;0) = Op(n~'/?). Together with the fact that |gx(z)| < C and since from Lemma 1
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$n.0(x) — gx (z) = Op(hy) we have that v/nh,Q1n(z) = hi/>0,(1) + hi/?0,(1) = 0,(1). Now, note that

R i—
Qan(@)] = gK (”3 " x) Im(as) — m(ws, 00)||[re — 7%
1 S Ty — a e a e
< CTZK( I >|7"1 — 75| < Clsn,o(@)|supzec|ri — 7

™ oi=1

and,
& _ o |m(@s; )™ — m(x, 00)*|[m(x; 60)*| + [m(w; 60)* — m(w; 0)°||m(w:, 00)°|
[ri =77 < = .
[m(i, )| Im(xi; 6)°|
Since, as established above, supeq|m(z;0)® — m(x;00)* = n~'/20,(1) we have supyeq|r® — 7| =

n=1/20,(1) and consequently v/nhn,Qan(z) = h3/20,(1) = 0,(1), since s,.0(x) = Op(hn). Now,

1 — Tr; — X o e
i S (T el

Ty

1 n
=
nhy, e h

|Q3n ()]

IN

n hn
1 T;i— T 1 T;—T
= _1/2 e ¢ . = _1/2 e ¢ . .
n Op(l)hnE (K ( T > |51|> n Op(l)hnE (K ( T >> E (leil]z:)

< n~Y20,(1) given that E (|&;||z;) < C.

which gives vnh,Qsn(z) = 0,(1). Similarly,

1 <& xr; —
< _ - X (6%
mmn_nmzK(m)mm@7mwmu
< supg,eqlm(z, 6) — m(zi, 6o)l Z ( > 73]
< nY20,(1)s,0(x)

where the last inequality follows from the fact that 7% = O,(1) and supy,cq|m(z;,8) — m(z;, 6)| =
O,(n~1/2). Finally, since s,, o(z) uniformly converges to gx(z) by Lemma 1, we have v/nh, Q4. (z) = 0,(1),

which concludes the proof.
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Table 2:Bias (B), Variance (V), Mean Square Error (MSE) And Eff for DGP1

Guide P} Py Pi
Model 7 B2 v MSE  Eff | B v MSE  Eff | B2 Var MSE  Eff
50 0.61 327.23 327.84 1.00 0.64 328.23 328.27 1.00 2.16 329.23 331.39 1.00
Best 100 0.44 168.44 168.88 1.00 0.50 170.44 170.95 1.00 0.45 168.44 168.89 1.00
” 200 0.31 85.25 85.56 1.00 0.31 85.65 85.97 1.00 0.31 85.25 85.57 1.00
400 0.03 39.32 39.35 1.00 0.04 38.32 38.36 1.00 0.03 39.32 39.35 1.00
50 5.96 337.23 343.88 0.95 51.70 337.23 388.93 0.84 5.95 337.23 343.18 0.96
Glad 100 4.37 169.44 173.20 0.97 42.63 169.44 212.07 0.80 4.40 169.44 173.84 0.97
’ 200 2.71 86.05 88.75 0.96 26.36 86.05 112.42 0.76 2.72 86.05 88.79 0.96
400 1.27 40.32 41.59 0.95 12.98 40.32 53.30 0.71 1.29 40.32 41.51 0.95
50 2.14 338.00 340.42 0.96 59.51 397.23 456.74 0.72 1.69 337.25 338.94 0.97
Add 100 1.16 171.44 172.10 0.97 44.02 198.44 242.46 0.70 1.15 171.44 172.59 0.97
200 0.61 90.25 90.86 0.94 27.22 88.25 115.47 0.74 0.61 91.25 91.86 0.93
400 0.46 43.32 43.78 0.90 12.95 45.32 58.27 0.65 0.46 47.33 47.79 0.82
50 59.51 397.23 456.74 0.71 59.51 397.23 456.74 0.72 59.51 397.23 456.74 0.72
L 100 44.02 198.44 242.46 0.69 44.02 198.44 242.46 0.70 44.02 198.44 242.46 0.69
200 27.22 88.25 115.47 0.74 27.22 88.25 115.47 0.74 27.22 88.25 115.47 0.74
400 12.95 45.32 58.27 0.67 12.95 45.32 58.27 0.65 12.95 45.32 58.27 0.67

Note:

All entries for bias squared, variance and mean square error are multiplied by 10%




Table 3:Bias (B), Variance (V), Mean Square Error (MSE) And Eff for DGP2

Guide p? P2 P2

Model n B? 1% MSE  Eff | B? 1% MSE  Eff | B? 1% MSE  Eff
50 0.91 602.13 603.04 1.00 0.92 608.82 609.74 1.00 1.01 606.16 607.18 1.00

Best 100 0.84 298.73 299.57 1.00 0.85 303.43 304.28 1.00 0.80 305.63 306.43 1.00
© 200 0.38 152.51 152.90 1.00 0.39 157.38 157.77 1.00 0.39 152.65 153.05 1.00
400 0.08 76.99 77.08 1.00 0.08 83.84 83.93 1.00 0.08 80.54 80.62 1.00

50 3.05 606.21 609.26 0.99 33.87 609.53 643.40 0.94 3.96 607.97 611.93 0.99

Glad 100 2.71 299.39 302.10 0.98 28.48 306.56 335.04 0.90 2.92 308.64 311.56 0.98
200 1.32 153.64 154.96 0.98 15.25 160.02 175.27 0.90 1.59 152.54 154.13 0.99

400 0.43 85.43 85.86 0.90 8.43 85.77 94.20 0.89 0.88 80.39 81.27 0.98

50 3.23 608.44 611.67 0.98 36.64 611.02 647.67 0.94 3.02 607.20 610.22 0.99

Add 100 2.61 303.10 305.71 0.98 29.32 307.77 337.09 0.90 2.53 310.76 313.29 0.97
200 1.40 161.41 162.81 0.93 15.98 154.10 170.08 0.92 0.89 159.86 160.75 0.95

400 0.70 77.53 78.23 0.98 8.82 83.78 92.61 0.90 0.33 88.18 88.51 0.90

50 36.64 611.02 647.67 0.93 36.64 611.02 647.67 0.94 36.64 611.02 647.67 0.93

L 100 29.32 307.77 337.09 0.88 29.32 307.77 337.09 0.90 29.32 307.77 337.09 0.90
200 15.98 154.10 170.08 0.89 15.98 154.10 170.08 0.92 15.98 154.10 170.08 0.91

400 8.82 83.78 92.61 0.83 8.82 83.78 92.61 0.90 8.82 83.78 92.61 0.92

Note: All entries for bias squared, variance and mean square error are multiplied by 10*




