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1 Introduction

Recently there has been a growing interest in the specification of nonparametric regression models in which
the regression errors’ correlation structure can be described parametrically. For example, Xiao et al. (2003)
consider a nonparametric regression with stationary error terms that have an invertible linear process repre-
sentation which encompasses all finite order ARMA (p,q) processes; Vilar-Ferndndez and Francisco-Ferndndez
(2002) consider a fixed design nonparametric regression whose errors follow an AR(1) process; Lin and Car-
roll (2000), Ruckstuhl et al. (2000), Wang (2003) consider a nonparametric regression for panel/clustered
data where the error term covariance structure follows a pre-specified parametric structure; Fan et al. (1996)
consider a nonparametric regression frontier model with errors whose covariance structure follows a para-
metric specification proposed by Aigner et al. (1977); Smith and Kohn (2000) consider the estimation of
a finite set of nonparametric regressions whose error structure follows the parametric seemingly unrelated
structure proposed by Zellner (1962).

These models can be viewed as extensions of the regression literature in two related but distinct ways.
First, they represent an extension of the vast Generalized Least Squares(GLS) linear and nonlinear parametric
regression literatures (see Gallant, 1987 and White, 2000) to the nonparametric regression setting, and as
such they represent improvements on the modeling of (un)conditional expectations. Second, they can be
viewed as extensions of the nonparametric regression literature from the typical case where regression errors
are independent and identically distributed (iid) to cases where specific parametric structures for correlation
and heteroscedasticity are allowed (see Severini and Staniswalis, 1994). In either case, the usefulness of these
extensions in econometric and statistical practice is well recognized and documented (see Pagan and Ullah,

1999 and Fan and Yao, 2003). In their most general form, these regression models can be written as,

where X; is a vector of regressors, Y; is a regressand and the error U; is such that

E(Ul) =0foralli=1,2, - E(UlUJ) = wij(t%),ﬁo S §Rp,p < 0. (2)



The important characteristic of (2) is that each element of the error covariance can be expressed as a
function w;;(#) of a finite set of parameters y. Previous works on the estimation of these models have
had two main objectives. The first is to establish the asymptotic properties of well known nonparametric
regression estimators such as local polynomial and Nadaraya-Watson estimators under the assumed error
correlation structure (Xiao et al., 2003; Vilar-Ferndndez and Francisco-Ferndndez, 2002). Although progress
in this direction has been made, it is unfortunate that most asymptotic results for traditional estimators are
specific to the assumed covariance structure and lack the generality that would allow their applicability under
alternative parametric structures for the error correlation. A more general result under covariance structure
(2) for the local linear estimator seems to be especially useful as this estimator has a number desirable
properties, such as design adaptability, reduced bias (as compared to Nadaraya-Watson estimators), good
boundary properties and mini-max efficiency (Fan, 1992; Fan, 1993; Fan and Gijbels, 1995). The first
contribution of this paper is to provide a set of sufficient conditions under which the asymptotic normality of
the local linear estimator can be established when the error correlation structure has the general parametric
structure in (2). These conditions encompass a number of models proposed so far in the nonparametric
literature as well as other structures that have been popular in the GLS parametric literature (Mandy and
Martins-Filho, 1994).

The second objective of the existing literature is to propose estimators that by incorporating the infor-
mation contained in the error covariance structure will lead to better performance - asymptotically or in
finite sample - vis a vis the traditional estimators (Severini and Staniswalis, 1994; Lin and Carroll, 2000;
Ruckstuhl et al., 2000; Wang, 2003). A particularly promising approach has been the pre whiten method
proposed by Ruckstuhl et al. (2000) and also adopted by Xiao et al. (2003). However, as in the case of
the local linear estimator, the asymptotic properties of this pre whiten estimator have been established only
for specific parametric structures of the error covariance. In fact, as will be argued below, establishing the
asymptotic normality of the pre whiten estimator in general settings could be quite difficult. Hence, in the
second part of this paper we propose a new two step estimator that incorporates information contained in

the error covariance structure and is asymptotically normal under fairly mild restrictions. Our estimator



is an improvement over the traditional local linear estimator in that its bias is of the same order but its
asymptotic distribution has strictly smaller variance.

Our results are useful from at least two perspectives. First, since our results hold for generally speci-
fied parametric covariances, they eliminate the need to repeatedly establish asymptotic normality for both
estimators - local linear and the two step procedure proposed herein - under specific structures of w;;(6p).
Second, because both estimators are asymptotically normal and converge at similar rates establishing relative
efficiency is facilitated. At their technical core, both contributions in this paper can be viewed as extensions
to the results of Mack and Silverman (1982) and Masry and Fan (1997). These extensions are made possi-
ble by relying on inequalities for non stationary processes provided by Doukhan (1994) and Volkonskii and
Rozanov (1959). The rest of the paper is organized as follows. Section 2 provides the general characteristics
of the regression model we consider, defines the local linear estimator, gives a list of assumptions and the
two main theorems necessary to establish the properties of the local linear estimator for model (1)-(2). In
section 3 we define a new two step estimator based on the knowledge of w;;(6y) and give sufficient conditions
for obtaining its asymptotic normality. We then obtain the asymptotic equivalence of the two-step estimator
based on w;;(fp) and its feasible version based on an estimator w;;(#), where 6 — 6y = 0,(1). Section 4 gives
two applications of our results that illustrate how our theorems encompass and extend previous results in

the literature. Sections 5 provides a summary of the paper.

2 A Nonparametric Regression Model with General Parametric
Covariance

Suppose there are n observations § = (Y1,---,Y,), & = (X1, -, X,) on the regressand and regressors
for the model (1)-(2). The objective is to estimate the regression function m(x) at some point = € R,
D < n.! There is a vast literature (Gyorfi et al., 2002) on how to proceed with estimation of m. Here, we
focus our attention on the local linear estimator (LLE) which was popularized by Fan (1992) due to its well

known desirable properties. Furthermore, our results for the LLE are easily extended for the also popular

n what follows we proceed for simplicity with the assumption that D = 1. Mutatis Mutandis all results follow for D > 1.



Nadaraya-Watson estimator. Let ¢/ = (1,0), 1/, = (1,---,1) a vector of ones of length n and h,, > 0 a

sequence of bandwidths, then the LLE is defined as

m(z) = ¢ (RLK,Ry) " RLK, 7 (3)

where R, = (1,,, % — 1,,2), K, = diag {K (%)} . It will be convenient for our purposes to rewrite (3)
n i=1

as (x) = i S W ("”h:"”,x) Y;, where W,,(z,z) = ¢'S; }(x)(1,2) K(z) and

(0 mhe(Er) o SRR () (), (o) ),
mhe \ Sk (57) (%) Sk (%) (%) (@) ona(@)

n n

Sp(z) =

To establish the asymptotic normality of 7 (x) for model (1)-(2) we follow the traditional approach of breaking
the problem into two parts. First, we establish the uniform convergence in probability of the components
of R/ KR, after a suitable normalization. This is accomplished as an application of Theorem 1 which is
given below. This theorem is a generalization of results in Mack and Silverman (1982) and Fan and Yao
(2003). Second, we establish the asymptotic distribution of the R} K.% vector (and of the estimator itself)
in Theorem 2. This can be viewed as a generalization of Masry and Fan (1997). We now provide a list of
general assumptions that will be selectively adopted for in these theorems and introduce some notation. In
what follows C' always denotes a generic constant that may take different values in R and the sequence of
bandwidths h,, is such that, nh? — oo as n — oo.

AssuMPTION Al. 1. Let f;(z) be the marginal density of X; evaluated at x, with f;(x) < C for all ¢
and z; 2. fl(d) (x) is the d' order derivative of f;(x) evaluated at  and we assume that | fl(l)(x)| < C; 3.
|fi(z) — fi(z")] < Clz— 2’| for all z, 2"; 4. fikijmo(21, ..., T,) denotes the joint density of X, ..., X, evaluated
at @y, ..., ¥, and we assume that fikijmo (i, ..., zo) < C for all xy,...,x0. 5. fu(z) =n"1Y 0, filx) — f(z)
as n — oo where 0 < f(r) < 00; 6. Asn — 00 0 < infreq|fn(r)| < C for x € G a compact set.
AsSSUMPTION A2. K(z): R — R is a symmetric bounded function with compact support Sk such that; 1.
[ K(z)dz = 1; 2. [zK(x)dr = 0; 3. [2?K(z)dx = o%; 4. for all z,2’ € Sk we have |K(z) — K(z')| <
Cle —2'|.

ASSUMPTION A3. w;;(6p) is the (4, ) element of Q@ = E(UU’) with |w;;(6p)| < C for all 4,j, @,() =



nt YT wii(0) — @(6) as n — oo where 0 < W(0) < oo for every § and @y, (x,0) =n~t > wi(0) fi(x) —
ws(x,0) as n — oo where 0 < wy(x, d) < oo for every = and 6.

Let {R;} be a sequence of random variables defined in a probability space (S, F, P) and 3% be the o-algebra
of events generated by the random variables {R; : a <t < b}, then (S5, %) = supseqn pega| P(AN B) —
P(A)P(B)| and a(m) = sup;a(S?

00r 7%m ). A stochastic process is said to be a-mixing if process a(m) — 0
as m — o0o0. Then we assume,

AssuMmPTION A4. 1. {(X;,U;) }i=1,2,... is an c-mixing process of size —2, which implies that Zjoil j"oz(j)l_% <
oo for § > 2 and a > 1 —2/d; 2. We denote the joint density of (X;,U;)" by fx, v, (x:,u;), the density of
X; conditional on U; by fx, v, (x) with fx,v,(z) < C and the conditional density of X;, X; given U;, U; by
Ix,x,\u,u; (i, o) with fx, x;jv,v, (wi,2;) < C for all z;,x;5; 3. There exists a sequence of positive integers
satisfying s, — oo and s, = o((nh,)/?) such that (ﬁ)lp a(sp) — 0 as n — oo.

AssumMPTION A5. m(¥(z) < C for all z and d = 1,2, where m(?(z) is the d*" order derivative of m(z)
evaluated at x.

Our assumption Al requires the densities of regressor X; to be smooth and bounded functions, and
in the case where X; come from heterogeneous distributions, the average of the densities must converge.
This is automatically satisfied if X; come from the same distribution, or X; are part of a strictly stationary
sequence. Assumption A2 is a standard assumption for the kernel functions in the nonparametric regression
estimation. Assumption A3 ensures that the weighted average of the diagonal terms of the error covariance
converge as n — oo which is triviallly met when there is a homoscedastic error structure. Under the mixing
conditions imposed in A4, the temporal depenence among {(X;,U;)’} will diminish as the time distance
increases, which is general enough to include many interesting cases like panel data models or autoregressive
model of order (p) (see section 4), while still allowing a central limit theorem to apply on the stardardized
summation. We impose smoothness condition on m(x) in A5 so the standard Taylor approximations could
carry through.

We now state Theorem 1 which is a supporting result for the main theorems that follow. All proofs are

provided in the Appendix.



Theorem 1 Let {(X;,U;)}, be a stochastic sequence of vectors, {v;}i—, be a uniformly bounded non

stochastic sequence in R and define

(X — X, —z\’
Sj(x)z(nhn)‘lzK( ; x) ( - x) g(Us)vs with j = 0,1,2.
=1 n n

where g : ® — R is measurable. Assume that: 1. E(|g(U;)|*t%) < C for some 6 > 0 and all i; 2

supgea [ 19(U)|* fx, v, (x, Us)dU; < oo for some a > 1; 8. A2 and A4. For G a compact subset of R we have

" —1/2
supseclsj () — E(s(2))] = Op ((%) ) N

provided that s, 8 > 2 we have that n(0+1/$)(B+1.5)+1.25—5/2p “LT5=B/2 1, (1y1)0.254+8/2 _, ),

By taking v; =1 and g(z) = 1 for all  and x in Theorem 1 we have that supzec|sn, ;) — E(sn (z))| =
op(h?) for p > 0 and j = 0,1,2 provided that % — o0o. The last condition is consistent with
n(0+1/)(BH+1.5)41.25-8/2p, S1T5=0/2 (1 (1))0-2548/2 _, ) ag n — oo for § > 0 and s > 2. Consequently, if
p=1, % — 00 we have that supregﬁ|sn7j(x) — E(sp,j(2))] = 0p(1).

The next theorem establishes the asymptotic v/nh, - normality for the local linear estimator under
general parametric covariance structure. We stress that the importance of the result lies in the fact that
the regression errors are not restricted to be (iid) or even weakly stationary. We do assume, however, that
{Xi}i=1,2,... and {U; }i=1,2,... are independent processes.

Theorem 2 Let {(X;,U;)}, be a stochastic sequence of vectors and assume that Y; = m(X;) 4+ U; fori =
1,2, {Xi}ti=1,2,... and {U;}i=12,... are independent with E(U;) =0 for alli=1,2,---, E(U;U;) = w;;(60)

0y € NP, p < co. If we assume that A1-A5 are met and E(|U;|*T%) < C for some 6 > 0 and all i, then

(mh) /2 (10 — () — B () N( 0, 225020 [ 2o dsb) (5)

where By, 1(x) = e 62 @ (g + 0,(h2), provided @) 0 and h2 2in(n) — 0.
, 2 0K D

nh3

In the case where {(X;,U;)'} is an iid sequence with f(x) being the marginal density for X; and w(f)
the variance of U;, the asymptotic varaince is simplified to be % | K?(¢)d$. Theorem 2 can therefore be

seen as as a generalization of the classic asymptotic normality result for local linear estimation under the



iid assumption. Examples in Section 4 illustrate the applicability of this general result in panel data models

and AR(p) models.
3 Two Step Estimation - Asymptotic Normality

The estimator m(z) studied in the previous section has the desirable property of being v/nh,,-asymptotically
normal. However, the fact that none of the information provided by the error covariance structure is used in
its construction suggests that alternative estimators can provide improved performance. How to incorporate
the covariance structure in defining an alternative estimator has been the subject of various papers (see,
inter alia Severini and Staniswalis, 1994 and Lin and Carroll, 2000), but one promising approach has been a
two step procedure that transforms the model to obtain spherical regression errors. The motivation behind
the procedure is quite simple. Let () be an n x n matrix with (i, j) element given by w;;(6o), P~*(6o)
an n x n matrix with (4, j) element given by v;;(6y) and P(6y) an n x n matrix with (¢, j) element given by
pi;(00) such that Q(6y) = P(0y)P(6y)’. Let m/ = (m(X1),...,m(X,,)), U = (Un,...,Uy), I, be the identity

matrix of size n and define Z = P~1(0y)5 + (I,, — P~%(f))m. Then,
Z =1+ P YU = +e. (6)

Given that the components of the stochastic process {U;}i=1,2,.. can be written U; = 23:1 pije; where
qg=1,2,...,n,if {&}i=1,2,. is an independent identically distributed process with zero mean and variance
02 then the model described in (6) is the standard nonparametric regression model with spherical errors.
The difficulty in dealing with such model stems from the fact that the regressand Z is not observed since
m and the components of P~1(fy) are generally unknown - since y is unknown - and must be substituted
by suitable estimates. Hence, implementation normally requires a first stage estimation in which m(x) and
estimators for the elements of P~1(6y), say P~1(6) (normally using residuals U; = Y; —1m(X;)), are obtained,
and a second stage in which the regressand Z = P~1(0)§ + (I, — P~1(6))m is used in (6). The asymptotic
properties of the resulting estimator are not known in general, but Xiao et al. (2003) have obtained v/nh,,-

asymptotic normality for a stationary error structure that has an invertible linear process representation



U, = Z;io cjer—j. A key feature of their structure is that the diagonal elements of P~'(6y) are all equal to
1, a property that we will see below has important consequences in establishing the asymptotic normality
of the estimator. Since this cannot be generally assumed we will propose a slightly different estimator that
circumvents the difficulties we encountered with the estimator for general models.

In what follows we will restrict ourselves to stochastic processes {U; }i=1,2,... that can be constructed from
linear transformations of iid processes. Hence, we assume
AsSUMPTION A6. The components of the stochastic process {U;}i=1,2,... can be written as U; = >7_, pije;
where ¢ = 1,2, ...,n and {;}i=1,2,... is an independent identically distributed process with zero mean and
unit variance.

For economy of notation we also write p;;, v;;, P and P! where it is well understood that all of these

variables depend on 0. Let H = diag{v;;'}}_, and define Z = HP~'j + (I,, — HP~')n. Then,
Z=m+HP'U=m+. (7)

Given assumption A6 {v;}i=1,2, . is an independent heterogenous sequence with E(y) = 0 and E(yy') =
H? = diag{v;;*}1,.

As above the regression error «; in the transformed regression (7) is independent and heteroscedastic,
but the vector of regressands is unknown. If m(X;) is estimated at a first stage by m(X;), then the only
source of ignorance about Z is due to P~! or the fact that y is unknown. Theorem 3 below we focus on

establishing the asymptotic normality of the estimator
m(x) = ¢ (RLK,R,) ' RLK,Z (8)

where Z = HP~'jj—(HP~'—I,)m, m/ = (m(X1), ..., m(X,)) and we assume that 6y, and therefore P~'(and
consequently H) is known.

Theorem 3 Let {(X;,U;)}, be a stochastic sequence of vectors and assume that Y; = m(X;) +U; fori =
1,2, {Xi}ti=1,2,... and {U;}i=12,... are independent with E(U;) =0 for alli=1,2,---, E(U;U;) = w;;(60)
6o € RP,p < co. Consider the estimator m(x) described above, such that h, is the bandwidth used in the

first stage estimation and g, is the bandwidth used in the second stage of the estimation. If we assume that



A1-A6 are met and E(|U;|**%) < C for some 0 > 0 and all i, then,
() 2(in(a) — ) = By ) 4 (0,252 [ (a0 ) ©)

where By, 1(x) = %U%m@)( ) +0p(92), @p(x,00) = limn ooy iy fi(@)v 52 provided that: 1. Z—: — 0 and

gn = O(n=1%); 2. sup; 3" loig] O(1) and sup; Y7, . lvgal o(1).

J=1.J7# v — J=1,57% Jvj]

We note that difference between the variances of the asymptotic distributions of m(z) and m(x) is given

by,

n

1
limpsoo———= Y fi(z) (w“ (00) — >/K2 (10)
T 2 7
By Theorem 12.2.10 in Graybill (1983) that p;v;; > 1. Consequently,

1
2 2
Dii Z ’U_2 = wu o p“ + Z p1 Z

w j=1,j#i

Sl =

which establishes that r(x) is efficient relative to m(x). The improvement over local linear estimation is
obtained even though 7(x) ignores the heteroscedastic structure of the error.

Notice also that we impose two more assumptions in Theorem 3. The first one relates to undersmoothing
in the first stage regression so that the magnitude of the bias created by 1m(x) will be smaller than the leading
bias term in the second stage. This assumption is common in two stage nonparametric regression estimation,
e.g., Assumption 7 in Xiao et al. (2003), Assumption B5 in Su and Ullah (2003) and Remark 1 in Wang
(2003). The second assumption is essentially uniform summability of the rows of error covariance, which is
a sufficient condition used in the proof of Theorem 3 to control the order of magnitude for summation terms
showing up in the second stage. Similar assumptions have been used in the literature, i.e., Assumption A.3
in Francisco-Fernandez and Vilar-Fernandez(2001) and Assumption 5 in Xiao et al. (2003).

An important part of the proof in Theorem 3 is that Z; = m(X;)— S i o ((X ) —=m (X)) +. If in-

stead we were considering the estimator m(z) = ¢’ (R, K, Ry) " R.K,Z where Z = P=1§/—(P~1—I,)m, then

Zi = m(X2) + i — Xy iy (0(X;) = m(X;)) + (0(X) = m(Xi) and By(e) = -t S, K (822) 2

would have an extra term given by T (T) n;n S K (g—n"”) (m(X;) —m(X;)) which cannot easily be shown

to be 0,((ng,)~/?) under the general conditions we consider. By construction, whenever the diagonal ele-



ments of P! are equal to 1 this extra term does not appear even when Z = P~'4 — (P! — I,,)rh. Hence,
we have the following result which we state as a Corollary to Theorem 3.

Corollary 1 Let {(X;,U;)}, be a stochastic sequence of vectors and assume that Y; = m(X;)+U; fori =
1,2, {Xi}ti=1,2,... and {U;}i=12,... are independent with E(U;) =0 for alli=1,2,---, E(U;U;) = w;;(60)
6o € RP,p < co. Consider the estimator m(x) described above, such that h, is the bandwidth used in the
first stage estimation and g, is the bandwidth used in the second stage of the estimation. If we assume that

A1-A6 are met and E(|U;|*T%) < C for some @ > 0 and all i. Then,

ngn)/2(m(z) — m(z) — Bni(z)) % L 2
(1) 2(i0(0) (o) = Bua(e)) N (0. 70 [ K200 ) (1)

provided that: 1. Z—: — 0 and g, = O(n~Y°); 2. sup; Z?:Lj;éi lvij| = O(1) and sup; Z?:Lj# lvji| = O(1);
3. P=Y(6y) is such that vi;(6p) = 1 for all i.

The use of Theorem 3 and its Corollary is restricted in practice due to the fact that the parameter 6
used in defining P is generally unknown and must be estimated. Hence, we turn our attention to a feasible
estimator m(z) = ¢ (R, K, Ry)” ' RLK,Z where Z = H(0)P~(0)§ — (H(§)P~(§) — I,)m and for which
f — 6y = 0,(1). The next theorem provides sufficient conditions under which Vgn((x) — m(z)) = op(1).
As such, it gives conditions under which the the feasible estimator is asymptotically equivalent to m(x),
therefore inheriting its desirable properties, namely asymptotic normality and efficiency relative to the LLE.
The theorem can be viewed as an extension of the theorem in Mandy and Martins-Filho (1994) to the case
of nonparamteric regression.

Theorem 4 Suppose that all assumptions in Theorem & are holding and assume in addition that:

TA 4.1: H(O)P~*(0) has at most W < oo distinct nonzero elements for every m, denoted by guwn(6) for
w = 1,2,....,W. That is, there are n> — W elements that are either zero or duplicates of other nonzero
elements in H(0)P~1(0). For each w, gun(0) converges uniformly as n — oo to a real valued function g.,(0)
on an open set O containing 0y, where g, is continuous at y.

TA 4.2: The number of nonzero elements in each column (and row) of H(6)P~1(0) is uniformly bounded by

N asn— .

10



TA 4.3: There exists C < 0o such that Y i, |wi;(0)| < C for everyn =1,2,... and j = 1,2, ...

If 6 — 6y = 0,(1) then we have

3
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4 Selected Applications

In this section we provide two applications for the results we have obtained. The first deals with clustered
or panel data models. Here, the asymptotic normality result we obtain for local linear and the two stage
estimator is novel. The second application is for nonparametric regression models with autoregressive errors
of order p, which have been studied by Vilar-Ferndndez and Francisco-Ferndndez (2002) for the case where
p = 1 under fixed design regressors. The examples illustrate the applicability of our theorems to popular

nonparametric models and reveal the ease of verifying the conditions listed in Theorems 3 and 4.

4.1 Clustered or Panel Data Models

We focus on the regression models for clustered data proposed by Ruckstuhl et al. (2000) and also studied
by Wang (2003). The model is a direct extension to the nonparametric regression setting of the one-way

random effects model that is popular in the panel data literature (Baltagi, 1995). Consider
Yij=m(Xij)+ai+eji=1,.,N;j=1,..J, (12)

where {a;}i—12,.. are independent with E(a;) = 0 and V(a;) = 02 for all 4; {e;;} j=12,... are independent
with E(e;;) = 0 and V (g;;) = o2 for all i, j and the processes {c; };—1,2,.. and {&;;}i j—1,2,... are independent.
Ruckstuhl et al. (2000) assume that {X;}i=1,2,... where X! = (X;1, ..., X;) is an independent and identically
distributed vector sequence with the marginal density of X;; given by f;.

We define Y/ = (Yi1,....Ys), v = (Y{,...Y), X! = (Xi,....Xsy), & = (X{,...., X}) and U;; =
a; + €;5. Then, given the assumptions on «; and &;; we have that for U/ = (Uj1,...,U;s), E(U;U]) =
Y =02l;+0%21,1; and if U = (U7,...,UN)", E(UU') = In @ ¥ = Q(02,02). In this context we have that

I _ _ NN
m(z) = ¢ (RLK,R,) " RLK,j where Ry = (1ys, #—1n,2), Ky = diag {K (Xh—)} . Letn = NJ,

i=1,j=1

then the LLE estimator can be written as m(z) = —— SV Y27 | W, (X}Zn_r , x) Yij.

11



We assume A1.1-4 and verify that A1.5-6 hold since f,(z) = + ijl fj(z) and as assumed in Ruckstuhl
et al. (2000) if 0 < f;(z) < C we have 0 < f,(x) < B. A3 is verified since 0 < 02,02 < C and consequently
IS wii(0?,02) = 02 +0? and wy(z, 02, 02) = (62 +02) f,(x). Now, since the process {X;} is independent
and identically distributed, {X;;} is such that a(t) = 0 for all £ > J. Similarly, since {a;} is independent
and {e;;} is independent, we have that U;; and U,/ is independent for all ¢ # ¢’ for all j, 7 and therefore
a(t) = 0 for all t > J, verifying A4 given the independence of {X;} and {U;;}. A6 is easily verified by the
independence of {a;} and {e;;} and noting that U = Pv where v is a vector of iid random variables with

E(v;) =0 and V(v;) = 1. Hence, we conclude that

n%@MPmm—G#@@ﬁ+mm»iNQ>“+“ [ w) (13)

=1 fJ
From Wansbeek and Kapteyn(1983) we have that P~'(02,02) = Iy ® V~1/2 where

1 v v

Vd Vd
v q v0

V2 =g | o (14)

wow
Vd Vd

where vg = a% — (1 — %) Jor and vg = — (1 — %) J%E and o1 = \/Jo2 + 2. Hence, since 0 < 02,02 < C
and J is finite, we have that the sum of the elements in every row and column of HP~! (excluding the
diagonals) is (J — 1)12 < C, which satisfies condition 2 in Theorem 3. TA 4.1 is met with W =

2

g1(02,02) = vo/vg and ga (02, 02) = 1 the uniform convergence is trivial as neither function depends on n and

the continuity is easily verified. TA 4.2 is met with X = J and TA 4.3 is met since Y, |w;;(60)| < JoZ +0?2.

Consistent estimators for 02 and o2 are given by ¢2 = m >y ijl(Y;j —m(X;;) — (Vs —m;))?
and 62 = LN (Vi — mi)? — 162, where ¥; = 2 ijl Y;; and m; = %ijl 1m(X;;).Thus, we conclude
that

. o mP(x) , 2 d (1 A 2
g (@) —mie) - (o372 40,62 ) ) L [ 0. /K 8o | . (15)
T Z] 1 fJ

4.2 Nonparametric Regression with AR(p) Errors

We now consider

Y;Zm(Xl)—FUl fort=1,..,n (16)

12



where {X;} is independent of {U;,}, satisfies assumption Al, A3 and is a-mixing of size —2. Uj; is strictly
stationary with U; = riU;—1 + roUi—2 + ... + rpU;—p + v; for i = 0,£1,£2, ... where v; ~ iid(0,0?) with
probability density function f,(x). Then {U;} satisfies the relevant portions of A3. Pham and Tram (1985)
show that {U;} is a-mixing with a(j) — 0 exponentially as j — oo, which gives {U;} is of size —a for all
a € R, therefore satisfying A4.1. Hence,

i ((a) = mio) ~ (A58 1 0,62 ) 4 (0.2 [ oya0) (17)

where v(0) is the variance of the AR(p) process.
Following Mandy and Martins-Filho (1994) we note that since 0 < 02 < C we can find a matrix p x p

lower triangular matrix A such that

A | 0 0
- | - -
: : S : : :
0 0 | —Tp e —-ry 1
where 6y = (r1,72, ....,7p, 0%). Since there are a finite number of bounded nonzero elements in each column

and row of P~1(6p), conditions 1 and 2 in Theorem 2 are automatically met. Also, since P~! is a lower
triangular matrix where all elements that lie more than p positions away from the main diagonal are zero,
verifying TA 4.2 with X = p+ 1. Also, there are at most W = p(p+1)/2+ (p+ 1) distinct functions in P,
all of which are independent of n for n > W (implying uniform convergence trivially) and continuous at g
since the operations involved in obtaining A are continuous when 0 < 02 < C. This verifies TA 4.1.

To verify TA 4.3 we note that an AR(p) process can be written as a p-dimensional VAR(1) process

e; = R@i_l + &4, where e; = (Ui_p+1...U¢)/, E; = (O, ...O,’Ul')/, and

0 1 0 -+ -+ 0
R= 0 (19)

0 0 1

rp lrp—l T2 71
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If the process is strictly stationary then the absolute eigenvalues of R are less than one, and also E(e;e];) =
Rli=iIE(ese}) for arbitrary . From the definition of e;, the sum > ;| |[E(U;U;)| is the lower right element

of Y71, |E(ei€f;)| where the absolute value is taken element-wise. But,

Y 1B(eie))| <2 |Bleicy)| <2 (Z IRi|> | E(eoep)]
i=1 i=1 i=0

and re-writing |R?| in Jordan Canonical form yields,

D |E(e])| < 21J] (Z WI) |77 E(eoep)]
=1 =0

where A is a diagonal matrix involving the eigenvalues of R and J is a fixed matrix depending only on R.
Since the absolute eigenvalues are less than one Y_.° |A;| converges, which verifies TA 4.3.

Consistent estimators 7; for r;, ¢ = 1, ..., p can be obtained (see Vilar-Ferndndez and Francisco-Ferndndez,
2002) by defining residuals U; = Y; —m(X;) and performing least squares estimation on the following artificial
regression,

Ui = 7‘101'_1 =+ 7‘201'_2 4+ ...+ TpUl'_p + ’Dl for i = p—|— 1,p—|— 2,

where ¥; is an arbitrary regression error. Hence, we conclude

g () = ma) = (o452 i) ) ) 4 v (0.5 [ 2(60) (20

5 Summary

In this paper we provide sufficient conditions for the asymptotic normality of the local linear estimator
proposed by Fan (1992) in regression models where the regression error has a non spherical parametric
covariance structure and the regressors are dependent and heterogeneously distributed. In this context, it
seems natural to define an alternative estimator that incorporates the parametric covariance structure in
an attempt to reduce the variance of the asymptotic distribution. We propose a two step estimator that
incorporates the parametric information given by the error covariance and provide sufficient conditions for
obtaining its asymptotic distribution. A feasible version of the two step estimator that substitutes true
parameter values with consistent estimators is shown to be ,/ng, asymptotically equivalent in probability

to the two step estimator under some easily verified conditions.

14



Appendix

Theorem 1: Proof We prove the case where j = 0. Similar arguments can be used for j = 1,2. Let
B(xg,r) = {z € R : |z — x| < r} for r € RT. G compact implies that there exists zop € G such that
G C B(zg,r). Therefore for all x,2’ € G, |x — 2’| < 2r. Let h, > 0 be such that h, — 0 as n —

oo where n € {1,2,3---}. For any n by the Heine-Borel Theorem there exists a finite collection of sets

—1/2\ ) I . ~1/2 1/2
{B (xk, (h%) >} such that G C U, B (xk, (h%) > for z, € G with [,, < (h%) r. The

k=1
proof has three steps.

(1) We show that

supsec|so(z) = B(so(2))| < mazi<i<r,|so() — Eso(x))] + C(nh3) 2,

2) Let s8(z) = (nh,) ! " K Xi=z g(U)viI(|g(U)| < By) where By < By < ...such that Y .0, B ° <
0 =1 hn i=1"1

oo for some s > 0 and I(+) is the indicator function. We show that
supzec|so() = sg (2) = B(so(2) = s ()| = Ous(B,~%),
—1/2
(3) Let 0 < A < o0, 3>2and ¢, = (%) A, we show that
P (maxlgkgln |S(?($k) _ E(S(?(xk)” > 5n) _ O(Bgﬂ'5nl'25_5/2/1;1'75_5/2(ln(n))0'25+5/2).

—1/2
Step 1: For x € B (xk;(h%) >;

[s0(2) — so(xr)]

i 2 ( (T = (B2 o

1=1
1 — T — X
< o 20| lowond by
1 n —1/21 n ) _1/21 n
< h—QC 7z ;Z|g(U¢)vi|§C(nhn) ;Z|9(U1)|

=1 =1

By the measurability of g and A4 {|g(U;)|}i=1,2,... is c-mixing of size -2. Furthermore, given that E(|U; |2+0) <
C for some 6 > 0 and all i, we have from McLeish’s LLN (see White, 2001, p.49) that = > 7"  |g(Vi)| —

LS LE(19(Y3)]) = 0p(1) and since 2 3°7 | E(|g(U;)|) < C we have [so(z) — so(xx)| < C(nh2)~1/? and
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similarly, E(|so(z) — so(zx)]) < C(nh2)~'/2. Combining the two results, sup.ca|so(x) — E(so(z))| <
mazi<k<i, |s0(xx) — E(s(zy))| +2C (nhy) 12,
Step 2: supgec|so(r) — s¥(x) — E(so(x) — sF(x))] < Ty + Ty, where T1 = suprec|so(r) — s&(z)| and

Ty = supgec|E(so(z) — sB(z))]. We show that Ty = 04s(1) and 7o = O(BL7%) for s > 0. T} =

supgec |(nhy) P30 K (Xh:"”) 9(U)vil(|g(U;)| > By)|. By the Borel-Cantelli Lemma for any ¢ > 0 and
for all m satisfying m’ < m < n we have P(|g(Un,)| < B,) > 1 — € and by Chebyshev’s Inequality and the
increasing nature of the B; sequence, for n > N € R we have, P(|g(U;)| < B,) > 1 — € for i < m'. Hence,
for n > max{N, m} we have that for all i« < n, P(|g(U;)| < By,) > 1 — € and therefore I(|g(U;)| > B,) =0

with probability 1, which gives T1 = 045(1).

1 <& X, —=x
Blso(w) - 6@ = > [ [ K( )g(mefxi,Ui(Xi,U»dXidUi
0 nhy, ; lg(Ui)|>Bn han

C
< —§ SU'pfceG/ l9(Ui)| fx, v; (=, Ui)dU;
n

i=1 lg(Ui)|>Bn
By Holder’s inequality, for s > 1,

1-1/s

1/s
/ 9(U| o, (. U U, < ( 1ol i U»dw) ( [ 151> By sx v U»dw)
lg(Us)|>Bn

where the first integral after the inequality is uniformly bounded by assumption and since fx, v, (z) < C,
we have by Chebyshev’s Inequality ([ I(|g(U;)| > Bn)fx, v.(z, Ui)dUi)l_l/s < C(P(|g(Uy)| > Bp))' Vs <
CB!~*. Hence, Ty = O(B.™*).
Step 3: P (mazi<k<i, |563(xk) — E(ség(ka >ep) < Zi’;l P (|563(xk) — E(ség(ka > ey) and let s (zx) —
B(s8 (20)) = £ S0, Z, where

Xl' — T
hn

2= () g0t < ) - B (o

ha B o > g(Ua)vil (l9(Us)| < Bn)>

By the uniform bound on v;, A2 and |g(U;)|I(|g(U;)| < B,) < B, we have that |Z;|] < Ch,'B,. Let
| Zil|oo = inf{a : P(Z; > a) = 0}, then supi<i<n||Zi]|co < Cf—:. Then, from Theorem 1.3 in Bosq(1996) we

have that for each ¢ = 1,2, ..., [n/2]

—e2q 4C0B,\ V/? n
n ] <4 n 22 (1 —
e ) = (81’2((])> * ( * Enhn > i ([2Q]>

16
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where v%(q) = %UQ(Q) =+ CB"E", p=n/2q,

. . . . 2
0*(q) = mazo<j<aq-1E ((([Jp] +1=3P) Zjjpi+1 + Zjjp2 + -+ Zigrnp) + (G + Dp = [+ DD ZG+1)p4+1) )

and [a] denotes the integer part of a € R. We first note that %UQ(Q) = O(1). To see this note that,
02(g) < mawo< <ag-1 Y. BE@)+2 Y > |E(2:2;)]
[Fp]<i<[(G+1)p+1] [.7‘p]+1sll<s[(.7‘+1)p] [pl+1<i<[(j+1)p+1]

Given A4.2 and E(|g(U;)|**?) < C for some 6 > 0 and all i we have after some simple algebra
S EZ) < 0W/h).
[ipl<i<[(G+1)p+1]
Using Theorem(3)1 in Doukhan (1994), for § > 2 we have that |E(Z;Z))| < Chn>"2/°(a(i—1))1~2/%. Now, for
any I such that [jp] + 1 <1 < [(j + 1)p] we have that 3111 cicij1yprn) [B(ZiZ:)| < X050 E(ZiZoya)| +
S P E(ZiZy )| where px = [(j 4+ 1)p + 1] — [jp] + 1. Letting d,, be a sequence of integers such that

dnhy, — 0 we can write

px—1 px—1
N E(ZiZ)| = Z \E(ZiZui) + > |E(ZiZi)) = J1+ T
=1 =1 i=d,+1

and it can be easily shown that J; = o(h; ") and Jo = O(h;}). Similarly we obtain Y77 |E(Z,2,_;)| =
O(h;'). Combining the results on the variance and covariances we have that %UQ(Q) < C for n sufficiently

large. Hence, we have that ph,,v?(q) < C+CpB&, and choosing p = (B,&,) ! we have that for n sufficiently

large ph,v?(q) < C. Then, 4exp( e )) < 4exp( 126’éh") < 4n~71c. Now,

40B, \'? n B, \'/? hne 1/2 n
22 (1 - —|) = 22(=) r'P(=2"4+40 —
( e > “ ([2QD (€n> B, "\ l2q
and since h]éi" — 0 as n — oo we have that for n large enough and by A4, for § > 2

4CB,\ V? n B,\/? n
22 (1 o — - ~12__(p] A8
(i) () = o) g

IN

< Cnh;1/235+1.555+0.5

2
Thus, P (maxlgkgln |s(?(xk) — E(ség(ka >en) < CZW (4n_1A6_c +Cnh;1/235+1'55§+0'5) and if A is

chosen such that 160 > 1 the first term in the summation to the right of the inequality is negligible and
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we have that P (mazi<p<i, |s§(xr) — E(s§ (z1))| > en) < CBBH15(1n(n))0-25+8/21.25-6/2p, 1-T5=B/2 5

therefore

P (ma$1§k§ln |563(xk) _ E(S(?(xk)”) _ O(Bg—'rl.t’)(ln(n))0.25+ﬂ/2n1.25—5/2h;1.75—ﬂ/2).
Lastly, if B,, ~ n'/**? for s > 2,6 > 0 we have that sup,cc|so(z) — s (z) — E(so(x) — s¥(x))| = o(n~1/?)
and if p(0+1/5) (190 11:25=0/2p L T80 gy (1) 0254572 — 0 s m — o0, then

P (mazy<k<t, |s¢ (z1) — E(s§ (x1))] = en) = Op(1)

which completes the proof.

Theorem 2: Proof Note that m(x) = i o Wy (Xh:"”, ) (m(z) + m®(z)(X; — z)) and put S(z) =

fn(x) 0 B B . .
( 0 o2 fu(2) ) Then r(z)—m(z) = ﬁlz/;_l Wi (Xh ,

2). Tet An(@) = 7 (¢ (Su(@) ™ = S(@) 1) e) T, Dule) = mle) = m(e) — by Sy K (%22

Then,

x) Y/, where Y;* = Y;—m(z)—m® (z)(X;—

21 1[(()(I = [

n w(j"m
noanor i ([ () e[S (B2) (5572

by Holder’s Inequality. Under the conditions of Theorem 1 supzeq |Sn,;(z) — E(sn j(2))] = op(hy) for

| Dn ()]

I
Q\
—
2
:
—
8
S~—"
|
"
:
—
8
S~—
S~—

IN

_|_

j = 0,1,2 provided that % — 00. Now, sup.eq |sn2(x) - U%(fn(xﬂ < supgeq |sn,2(z) — E(sn2(x))| +
SUPzeG |E(5n,2(x)) - a’%(fn(xﬂ, but
supsec | B(sn (@) — 0% folo Z / G K ()| fi(w + ha) — fi(2)|d6 < haCo

given Al and A2. Therefore, sup,ca |sn2(x) — U%(fn(xﬂ < 0p(hn) + O(hy) = Op(hy,) and similar argu-

ments give supgea |sn 0 | = hyn) and supzec |Sn.1(x)] = Op(hy). As a result, A, (z) = Oy(1)

uniformly in G. We now turn our attention to B,(x) = mz;l:ll( (Xh:"”) . Since, Y* =
m(X;) —m(z) —m®(z)(X; —x) + U; and K has a bounded support Y;* = m®) (z)(X; — 2)2 + U; + 0,(h2)

and

Rl K Xi—a\ Ly ([ Xi—a)\ 1 1L (Xi—a
Bu(x) = fn(x)mz:l((—hn >§m2(x)( = )*fnmmZ:K( - >Ui



+ o(h2)

1 1 & X
— 3K

We examine each B, j(z) for j = 1, 2, 3 separately.

x) = Bn1(2) + Bua(z) + B s(x)

Buae) = 70 ((n}l Sx (%) he )>+fn( >> of12) and

Buaell < 7 ( T K (T ) )|+ e >> olh2)
Since f,(z) — f(x) as n — o0, | By 3(x)| < (Op(hy) + 1)o(h2) = 0,(h2). Furthermore, if infrcc|fu(x)] > 0
as n — 00, supgec|Bn,3(x)| = 0p(h2). By i(z) = %sn o(x) and therefore by Theorem 1, given that
infeec|fa(r)| >0asn — oo
supzec|Bn(z) — @U%mm(x)l < CLsumeclsn 2(w) — o fu(2)| = Op(h7).
2 2infrec fn(z)

Hence By, 1(z) = %U%m@)(x) + 0p(hZ) uniformly in G.

Let Z; = ﬁK (Xh:"“) U; then B, s(x) = T (r)n LS~ | Z;. Since the processes {X;}7; and {U;}7,
are independent and E(U;) = 0, E(Z;) = 0. Now note that V(Z;) = zE (K2 (Xh—:"“))E(Uf) =
ﬁw“(ﬁo)fKQ(qb)fl(x + hn¢)d¢ Since |L4J“((90)| < C and fl( ) < C we have that h, V( < Cf K2 ¢

and sup;h,V(Z;) = O(1). We now consider

3N leov(Zi,Z) = S E(Z:, ) Z (Zi Zig))| + > _|E(Zi, Ziy)|-
j=1,ij J=1,i#j j=1 J=1

First write Z?:l |E(Z;i, Ziys)| = Zd ot |E(Z;i, Zitvs)| + ZJ a, |E(Zi; Zivj)| = Jua + Jn2, where d,, is a
sequence of integers such that d,, — oo and d,h,, — 0. Then,
dn—1

1 Xi—x XH_J'—JZ
Jna = Z %’EK( e >K( e >U¢U¢+j

- Z Wi ’L—‘rj 90 |/K le (¢2) f’L 1+J(x+hn¢1;x+hn¢2)d¢ld¢2
d

IN

(/K ) d¢1> = C(d, —1) < Cd,.

Since dh,, — 0 we have that h,J, 1 < Cdyhy, = o(1) and J, 1 = o(h,;'). Given that K(-) is measurable we

have that Z; is o(X;, U;) measurable, where o(X;,U;) is the o-algebra generated by (X, U;). By Theorem
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3(1) in Doukhan (1994) with p = ¢ = § > 2 we have
_2
\E(Zi, Zij)| < 8E(1Zi|°)E(|Zit|")(0(Xi, Us), 0(Xigj, Uigs))' 7

where a(0(Xs, Ui), 0(Xiyj, Uirj)) = SUPAco(X,,U,),Beo(Xis,; Usr) | P(ANB)—P(A)P(B)|. Now define Fi =
o Xiog, Uimg, Xi, Us), Yy = 0(Xigy, Uiy, Xijos, Uinjya,---) and a(j) = sup;a(F* o, F7Y;). Then,

a(0(X;,Ui),0(Xivj, Uity)) < a(j). Also,

1 le—x
Bz = Bt e (50 ()

E(|Us|%)h 5+1/K5 fi(z + hpo)de

< CE(UIM™ [ Ko(6)do by A1
< Ch—5+1
Similarly E|Z;1;]° < Ch;°*! and we have |E(Z;, Zi+ ;)| < 8(Ch;,9+1)2/%a ()1~ — Ch o (7)1~ %. Hence,

Jn2

)

IN

ChytE dea, @) % and since j > d,, we have that for some a > 1 — 2 > 0, d—: > 1 and
Jno < Ch;2+%d;a2;°;dn j%a(j)1%. But, i, j%a(j)'"% — 0 by A4 as n — co. Now, hﬁ_ld;a =
((hnd,ia%2 )1—%>_1 and choosing d,, such that h,ll_%df; = 1 the right hand side of the last equality is
equal to 1 and we have J, o = o(h,'). This is obviously consistent with d,h, — 0 in the sense that
({‘_—52 >1=a>1- %. Furthermore, it is easily seen from the developments above that sup;|Jy, 1| +
sup;|Jn.2] = o(h; ') and hy,sup; Z?:l |E(Z;Z;+j)| = o(1). Similar arguments show that Z L |E(ZiZi—j)| =

o(hy,') and hysup; Y5y |E(ZiZi1j)] = o(1). Hence, combining results we have Y77, ;. |cov(Z;, Z;)| =
o(hyt) and sup; Y7, . lcov(Zi, Z;)| = o(h,'). Now, observe that V (531 Zi) = 72 >y E(Z}) +

T Dliet Z?:l,j;éi E(ZiZj) = Vo + Vi

1 1 2 1 & 2
o = g “oo/K V(fil@ + hnd) — fila —22 L i(00) /K ) fil)do
= an,1+Van

By the Lipschitz condition on f;(z) and A2 [V;! || < C-5 Y27, wis(fo) and therefore nh, [V,! | < €= 37" wii(6o)
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and by A3 we have nh,|V,! ;| = O(hy). Also,

nhaV2 = [ K006 3 fiw)waltn) — are.00) [ K2(6)do

Hence, 2 371 | E(Z7) = wy(x,00) [ K*(¢)de + O(hy). Now,

n

P < =Y hasup >0 IB(ZZ)] = o)

J=L,i#j

3|>—~

where the last equality follows from our previous results. Hence, we have that

1% (x/nhn% Z Z¢> = & (x, 6o) / K(¢)do + O(hy) + o(1). (21)

We now consider By, o(z). Here we adopt the method first proposed by Bernstein (1927) and adopted by
Masry and Fan (1997) to partition the sums in large and small blocks. First, partition the set {1,---,n} into

2k, +1 subsets with large blocks of size r,, and small blocks of size s,, and k,, = [T . } Let Zns = VhnZipa

fori=0,1,---,n —1 so that B, o(x) = f(r)nzllZ and v/nh, leZ—\/—Z . Now let
Jj(rp+sn)+rn—1
n = > Zyifor0<j<k,—1
=7 (rn+sn)
(F+1)(rntsn)—1
& = > Znifor0<j<k,—1
i=j(rn+sn)+rn
n—1
G = Y. Zna
i=kyn (rn+sn)
and write, Vnh,=> " | Z; = —= ( S _1 7; +Z?;81 & +Cj) = \/LH(Q; + Q! + Q). We show that
2
E ((\/LHQ;{) > -0, F ((ﬁ@;{) > — 0, then the asymptotic distribution of B, o(x) is determined by
2 Ko — k - k 1 b
i Note hat £ ((502)") = 2 ((Shs')’ o () 43T K El66)
1/
and by A4 there exists ¢, — oo such that g,s, = o((nh,)/?) (hi) = o(1). Then defin-
. nhn 1/2 s o((nhn 1/2 n IS nhn / T
ing r, = [7( hqn) } as n — oo we have 22 = 7[(((”:”)1/2/);5] — 0, == = [7( hqn) } L0, GRS =
nhn)t/? n na(sy n 1/2 . j+1)(rn+sn)—1
|:( lIn) :| (nhj)l/Q — 0, EO[(S“) = W ~ (E) QnOé(Sn) — O Smce é.j = Zl('J:j(r)T(L+Sn)+)Tn Zn,i we
have
1kn—1 h kn—1 s, kn—1 s, Sn
n E(f?) = f Z E(Z j(rn+sn)+rn+0 + Z E(Zj(rp+80)+rn+0Zj(rn+sn)+rm+5)
3=0 j=0 6=1 J=0 0=16=1,60
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But 2= Yt 1o | B( Z2 0 ayirse) S & Ly Yy hnsupi E(Z2) < Ctkps, < C22— = o(1). Also,

since sup; Z?:Lz';éj lcov(Z;, Z;)| = o(hyb),

kn—1 s, Sn h kn—1 s, Sn

n
Z Z Z j(rn+sn)+Tn+9Zj(rn+sn)+rn+5 < o Z |COU(Zj(rn+sn)+rn+0aZj(rn+sn)+rn+5)|
G=0 0—16=1,66 J=0 6—15=1,06

kn—1 Sp
< T e MU (s et 2ot 1t (s ) 0 1 COV (D) b 05 Z0)| = 0(1) F2 80 < 0(1) 7% =
2
kp—
o(1) and therefore %E((ZJ 0153)) = o(1). Now, §& = hn 329"1 32521 Zj(ra-tsn)+ra+6Zi(ra-+sn)+rn+0

and consequently

k -1 k,—1 kn—1 kn—1 s, spn

h
Z Z 5]61 < z |E(Zj(rn+sn)+rn+5zl(rn+sn)+rn+0)|
=0 1=0,l#£j =0 1=0,l£j 6=1 =1

and since j # [ the distance between the indexes must be greater than r,, as |j(rn + sn) + 70 + 6 — (I(ry, +

Sn)+rn+0)| >r,+1>r, Thus,

— — nn Tn n hnn n
%Z Z Bea)| < 223 S Bz <22 S Bz

7=0 1=0,l 1=1 j=t+r, 1=1 j=1+1
hn n n 1 n n
= YN BEZ) £ Y hasun Y |eoo(Zi, Z))] = o(1)
i=1 j=1,i#j i=1 =154

2
Combining the results above we have that F ((\/LHQ;{) > = o(1). We now turn our attention to the Q!

term.

1 1" 2 _ l = 2 l = = . .
E((WQRN - LY mzavr Y Y E(Zui)

i=knp, (T’n +Sn) i=kn (Tn"l‘sn) J=kn (Tn""sn)vi#j
h n—1 h n—1 n—1
= 7” B(Z},) + 7” > > E(Zi11Zj41).
i=kn, (T’n +Sn) i=kn (Tn +Sn) j:kn(rn +Sn)7i5£j

Given sup;hn, E(Z?) < C we have that 2= a0 kl (rtsm) E( Z2,) < 21 Ko (ra51) SUPih E(Z 2) = COn~t(n—
kn(rn + 8,)) = o(1), since by construction n — ky,(r, + s,) < 7, + 5, and therefore n=t(n — (r, + s,)) <

n~Y(rn + s,) = o(1). Now,

n—1 n—1 n—1 n—1
hn, 1
. > > E(Zin1Zj41) < > ha > |cov(Ziy1, Zjt1)]
i=kn(Tn+sn) j=kn(rn+sn),i#]j i=kn (rn+sn) J=kn(rn+sn),i#]j
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n—1

1 n
< = > supihn Y |cov(Z;, Z))|
ko (rmtsm) J=1,i#j
1
< o(1)=(n = kn(rn +5,)) = o(1)
n

2
and by combining the results above we have E ((ﬁ@%’) > = 0(1). We now turn our attention to the @/,

term. 7; = ngn(jji)g:;"_l Zy,;i for 0 < j < k,—1 and by construction n; = ni/? ng}"(ffi);;"_l Zi+1. Now

let .7-'{ be the o-algebra generated by the random variables { Xy, Uy : 4 < t < j},i.e., .7-'{ =o(X;,U;,---, X;, Uj)

so that n; is F/"F5) ™ measurable. Note that j(ry + sp) + 1= ((j — 1)(rn + $n) + ) = sn + 1 and if we

J(rntsn)+1

define V; = exp(itn;), by Lemma 1.1 in Volkonskii and Rozanov(1959) we have,

fin—1 fin—1 fin—1 fin—1
E H Vi | — H E(V;)| = |E | exp(it Z n;) | — H E(exp(itn;))| < 16(k, — Da(s, +1). (22)
§=0 j=0 j=0 j=0

a(sn +1) = #Jri_z)a(sn + 1) and since by construction = — 0, J~a(s,) — 0

(ko — Dalsn+1) < =
we have that 16(k,, — 1)a(s, + 1) — 0. Thus, by Corollary 14.1 in Jacod and Protter(2002) {n;}o<j<k,—1

i} i} . .. _11/2 J(rn+sn)+rn—1
forms a sequence which is independent as n — co. Now, n; = hy Zi:j(rn Fen) Ziy+1 and

kn—173(rn+sn)+rn—1j(rn+sn)+rn—1

1 kn—1
" Z E = Z > > E(Ziy1Z141)
7=0 i=j(rn+sn) I=j(rn+sn)
kpn—1J(rn+sn)+ran—1 kn—1J(rn+sn)+rn—1j(rndsn)+rn—1
= = Z Z E(Z21) + — Z Z Z E(Ziy1Z141)
7=0 i=j(rn+sn) = i=j(rn+sn)  1=j(rn+sn),i#l

= In,l + In,Q-

Also,

In2| = E(Zj(rn+50)+0 Zj(rn+sn)+5)

< - |cOV(Zj(rp+5,) 405 Zj(rntsn)+e)l
J=0 6=15=1,6%0
1 kn—1 75, n
= 5 R SUD; (1, +5,)+6 > |€00(Zj (750105 Z1))
=0 6—1 I=1,1£5(rn+s5)+0
= o(1)™ < o(1) 2 = o(1).
n Tn + Sn

For the term I,, 1 note that E(Z7) = 7-wii(6o) [ K*(¢)fi(x + hn¢)d¢ and from Taylor’s expansion | fi(z +
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hno) — fi(x)] < O(hy). Therefore,

kn—1J(rn+sn)+ra— ( 1

Iy = —Z > I

= 1/ J(TTL+QTL)

+ %w¢+1,¢+1(90)f¢+1($)/K2(¢)d¢> =TIn11+1In12

wisnar(00) / K2(0)(fiss (& + hd) — fio (2))d

looking at the last two terms separately we have,

kn—17(rn+sn)+rn—1

1
Loyl < Z > pwinin() [ K@)l + o) — i (@)do
—J(Tn+9n) "
k —1J(rn+sn)+rn—1
< /K2 dgb Z Z wit1,i+1(0o)

i=j(rn+sn)

and since L Zk o ngn(:r:i)g:;"_l wit1,i+1(60) < n7tY"  wii(fy) — @(6) as n — oo we have that

[ In,11] = O(hy).

k —1j(rn+sn)+rn—

Iy 12 /K2 d¢ Z Z Wit1,i+1(00) fix1 (x /K2 Ydo— Zwu (6o) fi(x) —

= = J(Tn""gn)
1 kpn—1(J+1)(rn+sn)—1 1 n—1
- Z Z Wit1,i+1(00) fig1(x) + - Z Wit1,i+1(60) fir1 (x /K2
J=0 i=j(rn+sn)+rn i=kyn (rn+sn)

Now, n™t 37" | wii(60) fi(z) — @(x,6y) < co by A3 and since |w;;(6o)|, fi(z) < C,

k —1(+1)(rntsn)—1

n Z Z wit1,i+1(00) fiz1(z) < C

J=0 i=j(rn+sn)+ra

Sn

— 0.
Tn + Sn

Similarly, %Zf kl (rtsn) Wi, i+1(60) fit+1(x) — 0. Combining the above results we have that I,; =

#(z,00) [ K*(¢)dp + o(1) + O(hy,), and given that I, o = o(1) we conclude that

S Bl) = orte ) [ K206+ o) + O,

1
" iso

Now let J=@Q/, = Y5257 Zj where Zjn = ks zgg rb(jj;?;;“"‘l K (%) Uiprand 2 = Y5 0 E(Zjn—

E(Z;n))?, where S2 = Z?;gl LEn?) — ws(x,00) [ K*(¢)dp as n — oo. We first observe that if we define

W, = %ﬁ@; and let Yy, (A) = E(exp(iAW,,)) be the characteristic function of W,, we have,
ol Fn—1 1
[Yw, (A) = exp(=2?/2)| < |E | exp(ir Z;) mﬂj) - 1_[0 E(%p(i)\mm))
j= j=
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Fn—1
n . 1 ,
H E(exp(z)\mnj) —exp(—A\?/2)| = A1 + A

But A; = o(1) by the result on equation (22) and A2 = o(1) by Lindeberg’s CLT (Theorem 23.6 in Davidson,

1994), which is implied by Liapounov’s condition. Hence,

= 0 for some § > 0.

. Z _ 1246
Z S— nd N N(0,1) as n — oo provided that lim, Zk 'E ’ i’"
=0

n

kn—1 7. 246 kn—1 J(Tn""gn)"'rn_l X L T 240
= = (S2)~to 5/2 Rit1 =T o
S| = ) TIPS N L
=0 i=j(rn+sn)
1 kn—17(rn+sn)+rn— X, o 2468
< (82)710/2(ph,,) "0/ 2010 Z Z h—E’K (%) Uit1
=0 i=j(rntsn) "

by the ¢, inequality. Furthermore, ﬁE ’K (X;“L—i_r) Uit = ﬁE (K (X;“L—i_r)) E|Ui41]*™ and given

that |U¢+1|2+6 < C we have that

1 Xip1 — 20
o (47

SC/KMWMH@+MWM<C

by A2. Therefore,

2446

<o _ _ ¢
Tn + Sn

kn—17(rn+sn)+rn—
Xl' — X
R S L

: 1/ J(/r”"-—i_g )

2446

Zjn =0.

Shn

and since S2 — Wy (6o, z) [ K?(¢)d¢ as nh, — oo we have lim, .o Zk g

Finally, combining the results of 31 3— and C\Q/Z we conclude that (nh,,)'/2B,, »() 4N (O, e(e.b0) JK*(¢ d(b)

f(=@)?

as n — oo. Together with B, 1(z) = h2" o2m® (z) + ) gives,

(o S (5) - ) (02555 ) o=
B,

Now, we note from our previous results on B, 1(z),

3(x) and by applying Theorem 1 to f,(x)B, ()

—1/2
with g(U;) = Uy, j = 0 and v; = 1 for all i we have, = Y7 1K( ' )Y*—Op(h,%)+op((%) )

n

and i S K (Xh_"”) (Xh—:"”) Y = 0,(h2) + O, ((ln(n))_l/2> uniformly in G. Hence,

1/2
<MWWmm|somW%mmﬂme%«@M@)>-

n
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Now, provided that h2In(n) = o(1) the righthand side of the inequality is o(1) and we have

(nho)V/2 (1i(2) — m(x) — By (o ))—>N( f( o1 (. 60) /K2 d¢> as 1 — 0o,

Theorem 3: Proof Let Z; be thei*" component of the vector Z. Note that m(z)—m(z) = - S"" W, (u

where ZF = Z; — m(z) — mW(2)(X; — ). Let A,(z) = L (e’ (Sp ()~ —S(x)_l)Qe) 1/2, D, (x) =

m(z) — m(z) — m S K (Xg:”) Z¥. As in Theorem 1

L A GOl g ?;EKH()(X;;E)Z;

i (S (552 2+ o (557) (%57) 7))

and A, (z) = Op(1) uniformly in G. We now turn our attention to B, (z) = m YK (X;_‘"”) Zr.

n

IN

Since, Zvi - m(X ) ZJ 1,j#4 Z (m(XJ) - m(Xj)) + ~; we have
1 & X; — m® (z) 1 1 & (Xv —x)
B,(x) = K i X, —2)? + — B K i 1'
(z) ngn; > 2 ( ) ful2) ngn; gn Y
ngn; gn ) Falz)ng n; o gvu( (X;) —m(X;))

= Bn71($) + Bn72($) + Bn73($) — Bn74($)

We examine each B, ;(z) for j = 1,2, 3,4 separately. From Theorem 2 B, 1(z) = %a%m(”(aj) + op(g2),
By, 3(x) = 0,(g2) uniformly in G. Also, from Theorem 2, (ng,)'/?B,, 2(x) — N (O, % | K? ((b)d(b) where
wf(x,00) = limp—oot 31" | fi(x)v;;>. We now examine By, 4(z). From the definition of ¥;* and Theorem 2

M) ~mKy) = s 3K ( )(m(xm—m(XJ) m®(X;)(X1 - X))

t 0 fn En: ( >Ul+0(hi)+0p<(%>_l/2hn>

=1

and therefore we can write By, 4(x) = By 41(x) + By ,a2(x) + By a3(x) where,

Bru(@) = mZZZ—f&>K (%57 % (B g = mixy

m(X;)(Xi - X;))
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n n X, — = X —X;
Bna(z) = n2gnh fulz ZZ;U“J% )K( 9n >K( hn J>Ul

1=1 1

Ea)

k) = Bk (57) (o (35) )

1

J#L

b\)

We look at each of these terms separately. Note that

Bous(@) Syt (Xem) {nhn . > a (K25 (mixi) - m)

ng"'f" 1=1 j=1
J#L

- M)XK - X)) |

and the term inside the curly brackets {-} is O,(h2) uniformly in G from Theorem 2. Hence,

1 " " |’U1| X¢—$
Bun()| < 02—t — —JK( )
b ngnfn(x) ;; |Uu| gn
s
X, — |vs]
< Op(hy) K( >sup1 >
b ngnfn ; 9n Z |vidl
J#%
< Op(hi)O( K ( )
IO 3

gn

where sup; - ||Z7|| = O(1) by assumption. Furthermore, from Theorem 1 —— 21 1 K ( ' ) 0,(1)
J#

and by assumption Al f,(xr) — f(x). Hence, supyec|Bna1(z)| = Op(h2). Using similar arguments and

—1/2
Theorem 2 we have sup,ec|Bn 3(z)] = Op(hd) + O, ((ZZZ;‘)) hn>.

1 n n n ’
By aa(r) = nfn(x)ZUlZ . fn ZUJ (

Ull

Y (55)

=1 j=1 i=1
S f: Uik ()
- nfn(x) - IN\In
Note that E (B 42(x)) = 0 and
V((ngn)/2Bpas(z)) = nfg?x)Q SN BOU A (@) Ak ()
n I=1 k=1
< =SS o (00) B (1) Ak ()]



: - X X; :
We denote a;; = 2—7, K, =K (X; "”), K = K( - -7) and examine

B = B3 Y30 S st KB Ky K
; -1 n\<j)Jn o

(i)

INA
NE
NE
NE
NE
3&7

S| =
S

E}
S
)
3

Since infrec|fa(r)] > 0 we have

V(g Buan@) < —2 S S an(@) D3 S %—SZ;'E%KMUKM

2
nfn(x) 1=1 k=1 i=1 j=1 m=1 o=1 nomn
Ve oFm
Cyn ~ C e |a1 ||am0|
_ 0 J F(K;K,,K;; K,
nf (x)2;|wll( 0)|;§THZ:1§ 7’L2 %h% ( Ij )
j#i o#£m
C 5 n n n n n n aiillame
T 3) BIFHININS) B) B BE--7 Uy S
nfn(x) =1 ;z;ll =1 j=1 m=1 o=1 n nhn
JF oFm

= Tln + T2n

We need to show that Ty,, T2, = o(1). The strategy we use is to establish the order of the partial sums
that emerge from considering all possible combinations of the indexes I, k, 4, j, m, 0 in T1,,Ts,.2 Each of
these partial sums are shown to be o,(1) by first establishing the order of 7, = ﬁE(KiKmKU Kj,) and
Pn = @E (K; K, K1 Kyo). Here we show the cases in which [ and & are distinct from the indexes in the
four inner sums, i.e., i,j,m, 0.3 We need to consider seven cases, and given Al we have from calculating
the expectations the following bounds: Case 1 (i = m and j = 0): 7, < gn%, pn < g%; Case 2 (1 = 0 and
j:m)wngﬁ,pngC; Case 3 (1 = m): m, < g%,pngg%; Case 4 (i = 0), Case 5 (j = m), Case 7
(t£j#m+#o0) mp < C, pp <C;Case b (j=0) m,< %, pn < C. We now denote the partial sums
associated with V ((ng,)/?B,, 42(x)) in each of these cases by s;, i = 1,...,7. Hence, we have the following

inequalities, where the first term refers to the partial sums in T, and the second term refers to the partial

sums in 75, for each case.

51 < # e ZZ |aij)? ZQHZ |wir (00)] n_QZZ Jais ”

i=1 j=1 NGn f" = i=1 j=1
i oy i

2See the note on indexes in the end of this Appendix.
3Bounds for all other cases described in the appendix are available from the authors upon request.
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Cin B B n n
2 < fL;( QZZ|6L31||6LU| + nf ZgnZkum 00)l [ n 2D lajillas|

1=1 j=1 =1 i=1 j=1
J#L k#l J#L
CLD _ _
e Z aiol | + 5 Z%lezk @1 [ 1733 o Z aio
" i=1 j=1 "f" = i=1 j=1
J#L 0#1#3 k#l J#L 0#1#3
sa S e | n 2D layl D lawmil | + Z%lem bl 07?22 layl 3 laml
”(x) i=1 j=1 m=1 nf" =1 i=1 j=1 m=1
J#i mEiF] k#l J#i m#iF]
C _ _
5 < | W3S Z a0l +nf Z%lem )l {33 o Z a0l
n TL —

TR o = kA TR o
YT Z lamsl | + 7 Z%lem bl | n™2 2D layl D lam|
nhy, f2(x) i=1 j=1 nf i=1 j=1 m=1

JF#i ey Il J# mAit]
2 2
Ciong "
< Ry S| |+ Z%lem E0)] {7 | 2> las
f i=1 j=1 nf" =1 i=1 j=1
J#L k#l J#L

By assumptions A1.6 and A3 we have that L 37" | wy(6y) — @(6p) and infrec|fn(x)| > 0. Furthermore, we

note that from Theorem 1 g, 3, ;. lwin(6o)| = o(1) and consequently, provided that sup; >5;_; ., ||Z7|| =
O(1) and sup; 3~y ;4 % = O(1) the first term and second terms in each case are o(1).

Therefore, By, 42(z) = 0,((ngn)~/?) and B, 4(z) = O,(h2) + 0,((ngn) /%) + O, ((%"ln(n))lﬂ). Now,

3
provided that Z—" — 0 and zZ?ﬁ) — oo we have that the last term is o(g2) and we obtain B, 4(z) =

Op(h2) + 0,((ngn)~Y?) + 0,(g2). Now, if g, = O(n~'/°) then (ng,)'/?B, 3 = 0,(1) and consequently we

have,

e (Be) — (o ™50 062 ) ) 4 v (0. 22 [ () (23)

Lastly, it follows from arguments similar to those in the proof of Theorem 2 that

e ((a) = ma) — (A2 a2 oyt ) ) 4 o (0.2 [aeonas) ey

which proves the theorem.
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1 1,17 K X;,—x ¢

Theorem 4: Proof \/ng,(m(z) — m(z)) = €S;! L v D X_(f o X)‘_m
, Vg Zi:lK( 9n ) ( 9n )Qi
>y jzil@i(0) = aij(00)) (1(X;) — m(X;) — Uj) and since S, ' (z) = Op(1) and K has compact support, it

where ¢q; =

suffices to show that \/;Tn Y K (Xg:"“) ¢; = 0p(1). Hence, we must show that,
1 n n X, -z
== K( >(%(‘9) aij(00))U; = 0p(1) (25)
Mn 27 20 G gn
and
b= 3 S K (B (a0 ) ()~ m) = 0,01 (26)
n T na, ij\V) = @ij (Yo i) i)) = op
n 3 j=1,j#i Gn

>3 Dol SR C

W=1j€lyn
J#i

JEUW_ Liwn,j#i

nn 1=1 w=1j€l;y, Gn
J#L
w n n
. 1 X@ — X
= 3 Gun®) — gun(bo)) K(X=t)y,
wZ:l Vv Yn ; _7‘6121L In ’
VED)

But given TA 4.1, the consistency of  and the fact that W is finite and does not depend on n, it suffices to

_ _1 n n X
show that an1 = 72=3"001 D jer, i K( g

_‘T) U; = Op(1) for arbitrary w. Given the independence of

{X;} and {U;} and taking expectation of the square yields,
2

E(a?)) = —ZE(KQ( L >>E YU,

ngn «
9 1=1 T€lLiwn

T#1%

R TS (e ()

gn gn
1=1 T€ln i=1 t€ljyn

T#L JFL t#j5

30



2

C n C n n
<Ol u| [+ 2y T Y Y sew

=1 T€Liwn 1=1 7€, i=1 t€ljm

T#1 TEL JEL t£j
C n C n n

S I D B =D DD DD DI D

1=1 1€y t€l;un 1=1 1€y, i=1 t€ljm

THi t#i TEL JF t#]

By TA 4.2 7 belongs to at most X different index sets Iy, (the same for t) hence given that |w;,| is bounded
the first term on the righthand side of the last inequality is bounded by CR2. For the second term, note that

S Ytet o |wir| SRITY | |wir| < OR by assumptions TA 4.3, hence
J# t#£j

n n
C9n 57 57 5 T Ju] < guOR = of1),
n i=1 7€y =1 t€Ljyn

TEL JF t#j5

The same manipulations used above show that

w
611 = Z(gwn(o) gwn 90 (

w=1 1=1j€ln

J#i

and therefore we need only show that \/_ > 2761;2“” K (u) (Mm(X;) —m(X;)) = Op(1). Let K; and

Ki; be as defined in the proof of Theorem 3, then we can write

(%

) (X)) = m(X)) = Bun(a) + Ban(x) + Ban(e),

=1 j€ljyn
J#i

where

Biae) = =" 3 37 S () = m(X;) - mD (X)) (X - X;),

1 n
Bonla) = oo 2 2 Z
We show that 3;,(z) = Op(1) for i =1,2,3. From Theorem 2,

Bin(z)] < h2O

=1 j€liyn
J#i
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1 & . n
< NhiOp(l)(ngn)l/Qﬁ Z K; < X(ngn)'?h%0,(1) since % Yo  Ki=0,(1).
= 0,(1) provided g, = O(n=/?), h,, = O(n=1/?).
Also,
3 1/2 RN nh, \? 172 1 «
[Bsn()] < N (ngn)' 20y (1) — Z hn(ngn) /20y (1) — > K;
P In(n) ngn “—
—1/2
< M n(ng-) 1/20 ( > (ngn)l/QO (1) = ((nhﬁgn)lﬂ + (gnhnln(n))lﬂ) ROp(1)
= 0,(1) provided g, = O(n=Y/?), h,, = O(n=1/?).

We now examine g, (x). We write,

1 < 1 < KK,
62“(37) = ngn — E U E E L
iy nhngn i=1 j€lipm fn(X5)

j#i

n
KKy
VT E Uicn where ¢y = nhngn 21 1 Z7€Imn Tn(X;)"

Since {X;} and {U;} are independent it is easy to verify E(f2,(x)) = 0 and

V(@) = ngas 33 BOUR)E(enicar)

=1 k=1

lwir(00) || E(cnicar)| and since infreq|fn(z)] > 0,

IA

s |§
M: 3
hE

=1 k=1
n n
< C%ZZWM (o) 2h2 2 Z Z Z Z (Ki Ky K Ko)
=1 k=1 "1’ 1 j€ln M=1 o€Imuwn
J#i o#£m
" 1 & 1
= Cg—nzw” (90 —Z Z Z Z KiKlemKlo)ﬂ
n =1 n? i=1 j€lpn M=1 0c€Imwn h”‘g”
J#l oFm
+ anZZ|UJlk o) |—Z Z Z Z KiszKkao)hQ%
=1 k=1 i=1 j€l;pn M=1 o€ Imwn n9n
k#l J#i oF#m

= Tln + T2n .

We need to show that T, Te, = O(1). We adopt the same strategy used in Theorem 3, i.e., establish the
order of partial sums that emerge from considering all possible combinations of the indexes [, k, ¢, j, m, 0 in
T, Th 2. Each of these partial sums is bounded by establishing the order m,, = E(K;Kj; KmKlo)ﬁ and

Pn = E(KiKlekao)ﬁ-
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We need to show that Ty, To, = o(1). The strategy we use is to establish the order of the partial sums
that emerge from considering all possible combinations of the indexes I, k, 4, j, m, 0 in T1,,Ts,.* Each of
these partial sums are shown to be o,(1) by first establishing the order of 7, = @E(KiKmKU Kj,) and
Pn = @E(KiKmKUKkO). Here we show the cases in which | and k are distinct from the indexes in the
four inner sums, i.e., i,j,m, 0. We need to consider seven cases, and given Al we have from calculating
the expectations the following bounds: Case 1 (i = m and j = 0): 7, < gn%, pn < g%; Case 2 (1 = 0 and
j:m)wngﬁ,pngC; Case 3 (1 = m): m, < g%,pngg%; Case 4 (i = 0), Case 5 (j = m), Case 7
(i#£j#m#0): 71, <C, p, <C;Case 6(j =o0) m, < %, pn < C. We now denote the partial sums
associated with V ((ng,)*/2B,, 42(x)) in each of these cases by s;, i = 1,...,7. Hence, we have the following

inequalities, where the first term refers to the partial sums in T3, and the second term refers to the partial

sums in 75, for each case.

s1 < %%4- ne > g0 Y lwi(Bo)], 52 < Cg"@m- _ZQnZ|wlk (o)

=1 k=1
k£l k;él
CN? on? & - CN?
53 < —@n+—5— Y gn > lwi(b0)], 51 < 9 o ZQnZ|wlk 0o)|-
n "= Gn =1 k=1 n k=1
k£l k£l
Case 5 is identical to Case 4 and
< N (80)], 57 < Caongai2C + 291 (60)|N2
S6 < — 2 Cn + ZQnZ|wlk o), 87 < CwngnR°C + —— ZZ|wlk o) |IN%.
n
=g =i

Hence, given Al and the fact that from Theorem 1 g, ZZ:U 21 |wik(00)| = o(1) we conclude that in each
case the first and second terms are O(1).

Note on Indexes: To construct the set of all index combinations for the six-fold sums we first note that
for the four inner sums we need to consider seven different possible cases for 7, j,m,0: Case 1 (i = m and
j=o,i#j); Case 2 (i =0 and j = m, i # j); Case 3 (i = m, but i, j, o distinct); Case 4 (i = o, but i, j,m
distinct); Case 5 (j = m, but 4, m, o distinct); Case 6 (j = o, but i, j, m distinct); Case 7 (i # j # m # o).
In each of these cases we must then investigate all possible subcases where [ and k are equal or distinct from

the indexes considered in T3, and T5,.

4See the note on indexes in the end of this appendix.
5Bounds for all other cases described in the appendix are available from the authors upon request.
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Case 1: For the term Ty, there are 3 subcases: 1.1) [, j distinct; 1.2) [ = ¢ and 4,7 distinct; 1.3) | = j
and 14, j distinct. For the term Tb,, there are 7 subcases: 1.1) I, k, 1, j distinct; 1.2) k =4, I, k, j distinct; 1.3)
k=3, ki distinct; 1.4) | = i, I, k, j distinct; 1.5) I = j, I, k, 4 distinct; 1.6) I =4, k = j, [, k distinct; 1.7)
l=7j, k=1,l,k distinct.

Case 2: The subcases are identical to those in Case 1.

Case 3: For the term Ti,, there are 4 subcases: 3.1) [, 1, j, o distinct; 3.2) I =4 and 4, j, o distinct; 3.3) I = j
and 1, j, 0 distinct; 3.4) I = o and 4, j, 0 distinct. For the term T, there are 13 subcases: 3.1) I, k,4,j,0
distinct; 3.2) k = 4, I, k, j, 0 distinct; 3.3) | = i, i, k, j, o distinct; 3.4) k = j, i,1, 7,0 distinct; 3.5) | = 7,
l,k,i,0 distinct; 3.6) I = o, I, k, 4, j distinct; 3.7) k = o, 1,4, j, k distinct; 3.8) I =i, k = j, I, k, o distinct; 3.9)
l=1j,i=k, 1k, odistinct; 3.10) I = ¢, k = o, I, k, j distinct; 3.11) I = o, i = k, I, k, j distinct; 3.12) | = j,
k = o, i1,k distinct; 3.13) I = 0, k = j, I, k, ¢ distinct

Case 4: For the term Ty, there are 4 subcases: 4.1) [, 4, j,m distinct; 4.2) I = m and 4, j, 1 distinct; 4.3) | = ¢
and i, j,m distinct; 4.4) | = j and i, j, m distinct. For the term T5,, there are 13 subcases: 4.1) I, k,i,j,m
distinct; 4.2) k = m, 1, k, j,i distinct; 4.3) | = m, 1,4, k, j distinct; 4.4) k = 4, [, k, j, m distinct; 4.5) | = 1,
I, k,j,m distinct; 4.6) k = j, I, k, i, m distinct; 4.7) I = j, m, 4, j, k distinct; 4.8) I =m, k =1, I, k, j distinct;
4.9) 1l =14, m =k, k,j distinct; 4.10) | = m, k = j, I, k, 4 distinct; 4.11) I = j, m = k, I, k, ¢ distinct; 4.12)
l=1, k=73, ml k distinct; 4.13) | = j, k =i, I, k, m distinct.

Case 5: identical to Case 4 due to symmetry.

Case 6: For the term T}, there are 4 subcases: 6.1) [, 4, j, m distinct; 6.2) I = ¢ and I, m, j distinct; 6.3) I = m
and 1, j,1 distinct; 6.4) { = j and 4,1, m distinct. For the term T5,, there are 13 subcases: 6.1) I, k,4,j,m
distinct; 6.2) k = 4, I, k, j, m distinct; 6.3) | = i, I, k,m, j distinct; 6.4) k = m, [, k, j, ¢ distinct; 6.5) | = m,
l,k,i,7 distinct; 6.6) k = j, I, k, i, m distinct; 6.7) | = j, m, 4,1, k distinct; 6.8) I =4, k = m, [, k, j distinct;
6.9) k=i, m =11k, jdistinct; 6.10) l = ¢, k = j, I, k,m distinct; 6.11) | = j, i = k, I, k, m distinct; 6.12)
l=m, k=j,il k distinct; 6.13) | = j, k = m, [, k, ¢ distinct.

Case 7: For the term T, there are 5 subcases: 7.1) l £ i # j #m # 0; 7.2) | =i and [, j, m, o are distinct;

7.3) I = j and l,4,m, 0 are distinct; 7.4) [ = m and 14, 4,1, 0o are distinct; 7.5) I = o and i, j,m, | are distinct.
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For the term T5,, there are 21 subcases: 7.1)l £k £i# j# m #0; 7.2) 1l =i, j = k and [,j,m, 0 are
distinct; 7.3) | = k,j = [ and 14, j, m, 0 are distinct; 7.4) | = i,k = m and 14, j, m, o are distinct; 7.5) i = k,
I = m and i, j,m, 0 are distinct; 7.6) | =i, k = o and 1, j, m, o are distinct; 7.7) ¢ = k, | = o and %, j,m, 0
are distinct; 7.8) I = j, k = m and i, j,m, o are distinct; 7.9) j = k, [ = m and ¢, j, m, o are distinct; 7.10)
Il =j, k=oandi,j,m,o are distinct; 7.11) j = k, l = 0 and i, j, m, 0 are distinct; 7.12) [ = m, k = o and
1,4, m, 0 are distinct; 7.13) m = k, | = o and 14, j, m, o are distinct; 7.14) i = k, I, k, j, m, o are distinct; 7.15)
1 =1,1,k,j,m,o are distinct; 7.16) j = k, I, k,i,m, o0 are distinct; 7.17) I = j, I, k, i, m, o are distinct; 7.18)
m =k, l,k, 1, j,o0 are distinct; 7.19) m = [, I, k, 4, j, 0 are distinct; 7.20) o = k, I, k, 4, j, m are distinct; 7.21)

l=o0,1k, i, j,m are distinct;
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