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Abstract

The purpose of this paper is to investigate the calculation of Fibonacci numbers using the
Chinese Remainder Theorem (CRT). This paper begins by laying down some general conclu-
sions that can be made about the Fibonacci sequence. It will then go into specific cases of the
CRT and how to calculate Fibonacci numbers with reduced forms of the CRT equations. For
each of the cases, algorithms and analysis will be presented to try and give some perspective
of the outcomes.

1 Introduction

The inspiration for trying to use the Chinese Remainder Theorem (CRT) to compute Fibonacci
numbers was not an original idea | had. | was given a paper that claimed to be able to use the
CRT to compute Fibonacci numbers. | say claimed due to the fact that it did not contain enough
explaination and data to be understandable. This paper was simply known as the Babb’s paper.

| began by reading up on the CRT and Number Theory in general. | used a number of websites
and books to help me ([1],[9],[10]). | figured after a brief infusion of Number Theory knowledge;
| should attempt to create a working example of the process that Babb laid out in his paper. After
much tinkering and effort, | got an example to work. With this working example | was able to
finally decipher his paper.

This paper is an attempt to explain the ideas and processs behind his thinking in a clearer
fashion. Some of the information will mirror the information in the Babb’s paper but to prove it
to myself | worked out everything that he stated in his paper for myself and so | may tell itin a
different fashion then found in his paper. One of the problems with his paper was that there were
no proofs provided. | try to show all my work to hopefully reduce confusion.

This paper will also extend the procedures in Babb's paper to paths that were only hinted at by
Babb. Then | hopeto report my findings in away that shows some conclusions.
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1.1 Theoremsand Equations
Thefollowingisalist of equations that will be commonly used throughout this paper.

frH_mfr — fr+mfn - (_1)I’ fn_r fm Ha]ton (1965) [7] (1)
frr1fn1=f24+(—=1)" Cassini’sFormula [1][7] (2)
frok = fnoaf+ fafir Vorob'ev Formula [3][7] (3)

1.2 The Chinese Remainder Theorem

Let f, denote the nth Fibonacci number of the sequence fp =0, f1 =1, f, =1, f, = fr_1— fo.
The CRT is stated using notation and variable names which will be used consistently throughout
this paper.

Theorem 1.1 Let m,mp,..., My be integers greater than O, relatively prime in pairs, and let
r,ro,...,rn beany integers. Consider the system of congruences

fx=r1 (mod m)

fx =ro (mod mp)

fx =rn (mod my).

LetM=mmy---myand M; = = fori=1,2,...,n. Lety; beasolutionto

Miyi = 1 (mod my) fori=121,2,...,n.

Then a solution to the original system of congruencesis

n
fx = ZMiYiri (mod M).

i=1

This paper will find specific remaindersri, inversesy;, and relatively primes m; values for the
CRT such that when fy is computed, fx will be the xth Fibonacci number.
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1.3 Iterative Method to Compute Fibonacci Numbers

IterativeFibonacci(X)
{
a=_0:;
b=1;
if(x < 1)
return O;
for i from 2to x do
{
if(a< b)
a=a+b;
ese
b=a+b;
}

return max(a, b);

1.3.1 Analysisof Algorithm

The characteristic equation obtained from the Fibonacci numbers difference equation, f, = fn_1+
fn_2, isX? —x— 1, where A1 and A, are the two roots defined by
1-v/5

1++/5

5 and Ao = 5

Other algorithmswill be compared to thisiterative algorithm throughout this paper. A calcula-
tion of the number of bit operationsis needed to compute a given Fibonacci number. Thisanalysis
uses yn to represent the number of bitsin f, wherey=1og(A1) ~ 0.69424 since f, is asymptotic
to L.

According to apaper by Cull and Holloway [4], the number of bit operations needed to compute
f using thisiterative method is

A=

yn(n—1)
2

1.4 Modular Recurrences. Fibonacci Numbers

Corollary 1.2 For any oo > 2, the Fibonacci function modulo o has a periodic orbit for every
pair of initial values. [5]

This periodicity is the motivation for using the CRT. Since the Fibonacci numbers modulo

numbers greater then 2 will yield a periodic orbit, then the remainders r will be contained within
the orbit. Since the o values will correspond to particular m;’s valuesin the CRT, these values will
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need to be pairwise prime. One limitation of the CRT isthat it is only able to compute numbers
that are less then M. Therefore, the values of o need to be large enough such that they yield small
periods. Thiswill compute larger Fibonacci numbers.

Similar to Babb's paper, | wrote my own program that would find the period lengths of the
Fibonacci sequence modulo integers. Also, | found that the Fibonacci sequence modulo Fibonacci
numbers yielded the desirable results which Babb discussed. | went on to discover that the cycle
length for the Fibonacci sequence modulo f, was very predictable.

Theorem 1.3 Given an integer n, let f, denote the nth Fibonacci number. The sequence given
by the Fibonacci sequence modulus fp, then if n is even, then the cycle length will be 2n and
furthermore the sequence is exactly

O7 1, :I.7 f3, ey fn_l,

07 fn—l, - fh—27 fh—37 - fn—47 ceey T f47 f37 _17 1

if nisodd, then the cycle length will be 4n and furthermore the sequence is exactly

07 1, 17 f37 R fh—17

07 fn—la - fn—2; fn—37 - fn—47 R f47 - f37 17 -1

07 _17 _17 - f37 sy T fn—17
0,—fn1,fn2,—fn3,fra,...,—fa,f3,-1 1.
Proof. The following two equations are used largely throughout this proof.

frrifr1 = 1)n (equation 2)
(fa+fro1)fro1 = 1)”
f2, = (—1)"(mod f,) (equation 2.1)

24 (
f2+(
n

frrk = fro1f+ frfips (equation 3)
= fh_1fk (mod f,) (equation 3.1)

All terms beyond f,_1 will be modulus f,,. So the first n termswill obviously be the sequence
0,1,1...fy_1. Itisgiven from equation 3.1 that the second n terms will be the corresponding
elements from the first n terms multiplied by f,_1. So the second block of terms by the equation
will be

0, fno1,...,f2 1.

Using equation 2.1, if niseventhen f2 | = 1andif nisodd then f2 | = —1. If niseven then the
last term is 1 followed by a zero and then the sequence repeats. Therefore the cycle length is 2n.
Otherwise if nis odd then the last term is -1 followed by a zero. Thiswill result in the negation
of the first 2n terms. The end of the second 2n terms will be 1 followed by a zero and then the
sequence repeats and therefore the cycle length will be 4n.
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The actual composition of the terms of the second block of the sequence can be shown to be the
sequence O, fr_1, — fh—2, fn_3,— fn—a,...,— s, f3,—1,1. Equation 3.1 will help show this result.
The next few terms of the sequence after the first n terms will be fr_1f1, fn_1f2, fh_1f3, fh_1fs,
rewritten f,_1, fn_1,2fn_1,3fh_1. Reducing these terms yields a pattern

fn—l

fae1= fn— fa_o = —fr_2 sincetermswill be modulus f,
2fhi=fhat+fha=—fhot+tfho+fh3="1f3
3fhr=2f 1+ fha=fhs+fh—fho=—fra

From equation 2, the final few terms of the second block of the sequence will be
fao1fnoa, fno1fno3, fio1fnoo, fr?_l. Thistimereducing starting at fr?_l and assuming that niseven

f2 , =1 from equation 4

fro1frz = foa(fo—fo1) =—f2 ;=1
fr1frs=foa(fr1—fh2) = fﬁ_l —fro1fa2=1-(-1)=2
fro1fhoga = fn—l(fn—z - fn—3) = foo1fho— fn—lfn—3 =-1- (2) =-3.

So the second block of termsis simply thefirst block in descending order with an aternating sign.
|

1.4.1 Finding Remainders

The nice, predictable form of the period yields an easy way to find the remaindersr for the CRT.
The first n terms of the sequence is simply the first n Fibonacci numbers and the next n terms is
just the first sequence descending from n with an alternating sign. When n is even, the last few
terms are 2, -1, 1; which will then repeat the sequence. When n is odd, the last few terms are -2,
1, -1; which will then repeat the sequence with the opposite sign. Then on the second pass the | ast
few terms will be 2, -1, 1; which will then repeat the sequence. This predictable pattern allows,
with the knowledge of the first n Fibonacci numbers, for finding the remainder r that corresponds
toagiven f,.

Given an x that corresponds to the Fibonacci number that is to be computed, Babb developed
four equations to find the remainder of agiven f,. Only the first n Fibonacci numbers are required
because the rest of the sequence is just positive or negative versions those numbers. The second
equation giveswhether or not the xth term fallsin an ascending or descending half of the sequence.
The third equation gives two things. It showsif the index nisodd or even and if it is odd, it will
also calculate if the xth term falls in the first 2n sequence or the second 2n sequence of the odd
sequence. Then finally the fourth equation calculates the actual remainder for a given n. The four
equations are:

1. j =x(mod n)
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4. r= (—l)k(j+1)+| fkn—}—(—l)kj‘

In the second equation, if k is 0 then the term isin the ascending portion of the sequence and if
kis1thenitisinthe aternating, descending portion of the sequence. The third equation will be 0
if theindex niseven. If nisodd then it will be O if it isin the first 2n terms of the sequence and
1if thetermisin the second 2n terms of the sequence, which are negative versions of the first 2n
terms. The last equation will yield the remainder and is the combination of |, k, and |.

With this general information it is now possible to handle more specific cases. Babb's paper
dealt with a way to calculate Fibonacci numbers using three consecutive Fibonacci terms as the
pairwise primes, m;. The following section will mimic hiswork and extend his findings further.

2 ThreeTerms

2.1 Using Three Consecutive Fibonacci Numbers

The approach that Babb pursued consisted of three consecutive Fibonacci numbers n, n+ 1,and
n+ 2 as hischoicesfor the relatively prime terms, my, mp, and mg. The following equation is used
to show that these three terms will always be pairwise prime:

GCD(fi, fj) = fecpq,j)-

This equation showsthat any consecutivetermswill berelatively prime. Since any two consecutive
numbers have a GCD of 1. Also the maximum value that the greatest common divisor can have
between any number nand n+ 2 is2. Thismeansthat for any three consecutive Fibonacci numbers
the GCD between any two will be at most f> whichis 1. So for any n we choose fy,, fry1, and f2
will be relatively prime.

Before continuing any further, an estimation what Fibonacci numbers can be calculated with
this method would be helpful. The size of the Fibonacci number calculatable is limited by the M
value. For threeterms, M = f, f,..1 12 and so an estimation is needed for this product. To do this,
arounded version of Binet’sformulais used,

1++/5
5
Substituting the equation into the epression for M, an estimate is obtained for the maximum Fi-
bonacci number that can be calculated for a given n value.
1 1 1 1 1
f st fro = (_(xn> (_an+l> <_ OCn+2> L L PO PR

V6 /\/b V5 (VB)® V5
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This means that a n value can be roughly used such that it is a third of the desired x value. To
make this procedure more efficient, the following equation is used to calculate the n values:

n= ng+1.

2.2 InverseValues

After some work the results that Babb found for the inverse valuesy; were confirmed. The inverse
values for three consecutive terms simplified to an easy value to compute.

Theorem 2.1 Given an integer n, let the three pairwise prime values used in the Chinese Remain-
der Theorem my, mp, and mg be f,, fni1, and fo respectively. Then if M; = % the solution
to the equation Mjy; =1 (mod my) for i = 1, 2, and 3is

yi= (~1)" (mod fy)
y2= (~1)™ (mod fo)
y3= (~1)™* (mod fr.z).

Proof. Since nisgiven, it is possible to simplify the equations. The three equations can be
simplified quickly using the fact that f, = f,_1 + fn—2 and equation 2

fopifr1 = f2+ (="

The equations can then be simplified down to constant time equations. So each equation is
dealt with separately. Since the equations are modulo some number, those simplifications are done
when possible.

1) fn+2fn+1y]_ =1 (mOd fn)
frr2ofhiayr = (fapr+ fa)(fn+ fam)ye
frrafryr = (F5+(-1)"y1=(-1)™
yl (_1)ﬂ (rnOd fﬂ)
y1 (=1)" (mod fn)

2) fapofnyo = 1 (mod foi1)
fn+2 fny2 = (fr$+1‘|‘ (_1)n+1)y2 = (_1)n+1y2

Y2 mod fni1)

1
I
(—=1)"™* (mod fry1)

Y2
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3) fn+1 fny3 =1 (md fn+2)

fnrifays = (frez— fnr2) (fnp2— fag1)ys
—fafrys = —( fr$+2 +(—D)"M2)ys = (—1)"3y;
1
y3 = (1) (mod fuy2)

2.3 Remainder Values

With the use of a program that | wrote in Maple 8 using the four general equations for finding the
remainders, | observed that the remainders followed an observable pattern that | later proved.

Theorem 2.2 Given an integer x that corresponds to a desired Fibonacci number, then let n =
|3] +1andlet a=x (mod 3) then using the Chinese Remainder Theorem with three consecutive
Fibonacci numbers fj, fr1, and fn, 2 the remainders are exactly

M = (—1)nfn—3+a
o= (_1)n+1 fh-5+a
r3=(—-1)"fr_71a.

Proof. To provethe equationsthree casesareused, x=3i,3i+1,and 3i+2 foranyi=1,2,...
to cover al the possible modulus values. The method used was to compute and simplify each x
case.

1. x=3i

nzL%iJ+1=i+1
j=3i (modi+1)—i—2
k:Lii—llj (mod 2) = 2 (mod 2) = 0

| 0 ifiisoddandthusniseven.
~ | 1 ifiisevenandthusnisodd.

thentoputryintotermsof n=1i+1

o fi_o — frn_s if niseven.
7Y —fi,— —f,_3 ifnisodd.
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n =i+ 2 simply the n value incremented fromr
j=3i(modi+2)=i—4
3i
k= i+—2J (mod 2) =2 (mod 2) =0
| 1 ifiisoddandthusnisodd.
~ | 0 ifiisevenandthusniseven.

thentoputryintotermsof n=i+1

[ —fi_a— —f_5 ifniseven.
27 figa— fos if nisodd.

n =i+ 3 simply the n value incremented fromr
j=3i(modi+3)=i—6

k:Lii—iBj (mod 2) =2 (mod 2) = 0

| 0 ifiisoddandthusniseven.
| 1 ifiisevenandthusnisodd.

thentoputrzintotermsof n=i+1

fne fi_e — fho7 if niseven.
3 —fi_g— —fn_7 if nisodd.
. Xx=3i+1

Similar resultsasin case 1 but since x = 3i + 1, then the j value will now be incremented by
1 and thus the general result from case 1 but with all the index valuesincreased by 1.

So thiswould result in remainder valuesof f,,_», f,_4, fn_g respectively. Lettinga=x (mod 3) =
1, theremainders will be fr_3. 4, fn_51a, and fn_7.,4 respectively.
. X=31+2

Similar result aswell but with x = 3i 4 2 and thus increasing the index by 2 from case 1. So
the resulting remainders will be for a=x (mod 3) = 2, f_1, fr—3, fr_s.

Therefore, the equation at the end of case 2 applies for the general case for which a =
x (mod 3) and the resulting equation fp_3a, frn—5+a, @nd fr_71a.
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2.4 Reduction of the CRT General Equation

With the results found for the inverse and remainder values, it was possible to simplify down the
general equation given by the CRT. The reduced equation requires only two significant multiples
and requires no modulus operation. From the CRT it isknown that for three terms the sol ution will
be

fy = riyiMsp +royoMa +rzysMs (mod M).

Plugging in what is known from the two previous theorems, the general equation can be re-
duced. The following isthe result

Theorem 2.3 Given an integer x that corresponds to the desired Fibonacci number, then let n =
| 3] + 1 then fy can be determined using the following set of equations:

n= L§J+1

k=x(mod 3)
1= 13]

m=Kk (mod 2)

fx = 5fn fn—l fn—2+k+ (_1)n+1<_2)\l—1| fn—l+3m—|~

Proof. To show the final equation, three cases k = 0, 1, and 2 need to be considered and
simplified down. Before this can happen, the equation can be simplified in general.
yiri = < (_1)2n fr3+k, (_1)2n+2 frs54k, (_1)2n+1 fh74k >
= < fnzik stk —fro74k >
To make things easier , some of the equalities and equations are listed that are used here and
case specific ones will appear at the beginning of each case.
Equation 2 gets used frequently throughout this proof with many different index values and

rearrangements.
frr1fno1= fr% + (_1)n (equation 2)

1 k=0|| fat1fap2fnz+ fafarofaos — fafarafnz
Using equation 1 with three different values

1:n+2 1:n—3 = fn fn—l + 2(_1)n
fhofhs = fn1fh o+ 6(—1)n
frp1fh7 = fr?_g + 9(_1)n
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f¥s = foa(fii—fu2)

= fafhs—frofhs

= fn—lfn—3 - fn—Z(fn—l - fn—Z)
fo1fnoz— fa—1fn2+ fﬁ_z
fa-1fnz—faafh 2+ fro1faz+(-1) ntl
fa1(fns — a2+ faog) + (-1
fh-1(2fn—3— fr—2) + (_1)n+1

frrr = fat+foa

(fa-1+ fa—2) + (fa—2+ fn_3)
(fa2+ fn3) +2fh 2+ fn3
= 3fp_2+2f_3

frrifhi2fhs+ fafniafos— fafaiafhz

= fry1(fafaor +2(=1)") + fn(fr_1fa2 +6(—1)")
—fa(f23+9(-1)")
= frsafafao1+ fafa1fno— fnf2 4
+(=1)"(2fny1+6fn— 9fn)

= fn [frH—l fao1+ fa1fho— fﬁ_g} + (=1)"(2fpe1—3fn)
= fn[fo1(frrr+ foo2) — (fa-1(2fnz— fa2) + (—1)™)]

+(=1)"(2fn+2fn_1— 3fp)
= fofn1[forr+ fio — 2fnz+ fr2)
+(=D)"(2fn_1— fa) + (—1)"fn
= fafn 1 [(3fn 2+ 2f 3) — 2fn 5+ 2fy 5]
+(=1)"(2fp-1— fn+ fn)

= fn fn__‘]_ |:5fn_2] —|— (—1)n(2fn_1)
=5ffr-1fa2+2(—1)"fn_1
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2. k=1|| fapafriafno+ fafniofia— fafniafhs
Using equation 1 with three different values

frp2fho = f,% + (_1)n+1
friofna = fnfa2+3(-1) i
frr1fn6 = fn2fn3+6(—1) n+l

fn—2 fn—3 = fn—z(fn—l - fn—z)
= foafho— fr%_z
= focafe2— (faoafas+ (=)™
fno1fho2— fao1fno3+ (_1)n

farifriofho+ fafniofhoa— fafniaifos

= frra (F2+ (1)) + fn (fafrza +3(—=1)"1)
- fn ( fn_2 fn_3 + 6(—1) n+l)

= fhi1 fr% + fr% fno— fafh2ofn3+ (_1)n+1< frr1+3fh—6fn)
= fn [fn+1 fan+ fnfa2— fn—2fn—3] + (_1)n+1( fn+ fa_1—3fn)
= fn[(fa+ fao1) fa+ (F2 1+ (D™ — (faa(fr2— faa) + (—1)M)]

+(=)™H(fo1— 2fn)
= fn[f2+ foo1(fo+ fo1 — fro2 + fn3)]
+(—D)"™(fnog — 2fn +2fy)
= fo[(frrafaor+ (=)™ + fooa(fa+ fao1 — fao+ fros)]
+H(=1)™H (fao1)
= fo[fo1(fara+ fo+ fao1— fao+ fnos)]
+(=)™ (fa1) + (=DM (Faoa+ )
= fafaa[(fa+fo1) + (fa+ fa2) + fr— fao+ (faa— fr2)]
+H(=1)M ()

= fnfn1 [( fno1+ fr2) +4fn_1— fn—z} +(-1) n+1( frr1)
= fnfno1 [an—l] + (_1)n+1 i1
=5ffh_1fr1+ (_1)n+1 fre1
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3. k=2|| fapafni2far+ fafni2fas— fafniafhs
Using equation 1 with three different values

2
fn—2

far2fno1 = fapafa+ (—=1)"

for2fnoz = fafno1+2(—1)"
fry1fos = f2 o +4(—1)"

fnz+1 = fara(fn+ froa)
= fraafa+fn+1f g
= fn+1fn+f§+(—1)n

fr2(fn— fn-1)
= fn fn—2 - fn—l fn—2
= fafh2— fn—l( fn— fn—l)
= fafho—fafh1+ fr%_l

= fafno—fafro1 4+ fafh2+ (_1)n
+(=1)"

= fa(fh2—fao1+fr2)
= f(2fh—2—fro1)+ (_1)n

farifriofioi+ fafniofhz — fafhiafos

= fn+1(fn+1fn + (—1)n) + fn(fn fn—1+2(—1)n)

—fa(f2 5 +4(-1)")

= fr?—i—lfn + fnzfn__‘]_ - fn fﬁ_z—i— (—1)n(fn+1+2fn —4fn>
- fn[f§+1+ fnfno1— fr?—z] +(=D)"((fn+ fn-1) — 2fn)

= fn[(frsafa+ f2+ (=)™ + fafno1 — (fa(fa2— fao1 + fn2)]

+(=1)" 4+ (—=1)"(fn_1— fn)

= fn [fn( fn+1‘|‘ fn+ fn—l) - fn(an—Z - fn—l)]

+(=1)" (= fa2) + (1) fa+ (=)™ y
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= f2[fni1+ fa+ foo1 — 2fn_2+ fooa]
+(=1)"(=fr2+ fa— fn)
= f2[(fa+ fno1) + fot faos — (fo— fao1) + fo1— (fa— fro1)]
+(=1)"(~fa-2)

g fr% |:5fn_1] —|— (_1)ﬂ+1 fn_2
=5fnfrfr_1+ (_1)n+1 fn_2

The results of these three cases are three dightly different equations. The first term of each of
the three equations are 5f, f,_1f_2, 5fnfh_1f_1, 5fnfh_1 T, respectively. This term has a nice
pattern, letting k = x (mod 3) the first term becomes 5f,f,_1 fn_2.k. For the second term there
needed to be ways to isolate certain cases so that the right constant is added to the dominant first
term. Through experimentation it was possibleto find that letting| = ('%1 and m=k (mod 2) values
that helped calculate the left term. Using these variables it was possible to write the solution as
one equation with the last term being (—1)"1(—2)' =1 f,_1, 3m_;. Thefollowing table checks the
equations and results.

x| n [k[I]m 2 term

9 |even |01 0| 0| (-1)(=2)fn-1130)-(0) = 2fn-1
10|even | 11| 1| (-1)(D)fy 14301 =—Tota
11|even|2|1| 0 (—1)(1) fn—l+3(0)—(l) = — fn_2
12| odd |O|0| O (1)(—2) fn—1+3(0)—(0) = —an_l
13| odd |11 1 (1)(1) fn_1+3(1)_(1) = fn+1
14| odd |2|1]|0 (1)(1) fn_1+3(0)_(1) = fn_2

This shows that it works for n odd and even and with al three valuesof k. m

No modulus operation is needed because the result will always be positive and will always be
less then the product f,fhi1fri2. Thisis pretty easy to show. Since some small number is being
added or subtracted it isonly needed to insurethat 5, f—1 fn_21k < fanfns1fre2 Or 51 fh 21k <
frr1fhr2. Since the largest value that the left side can have with k = 2 is 5f,f,_1 then it isonly
needed to insure that 5f, f,_1 islessthen f 1 fhi0.

fnroforr = (fa+ fao1)(2fn+ fa1)

2124 3fpf 1+ 2 4

2(far1fn1— (=1)"M) +3faf1+ 24
2fni1fh 1+ 3ff1+ 2, —2(—1)"

= 2(fn+ fro1) fao1+3fafao1+ fr%—l — 2(_1)n
= 5fyfn1+3f2 ; —2(—1)"
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Plugging into the inequality yields

5fafno1 < fapafng2
< 5fafa1+3f2 ; —2(-1)"
0 < 3f2,—2(-1)"

Theright side of theinequality will always be greater then zero, since its some number squared
minus at most 2. Therefore, the equation for fy will always be lessthen M for a sufficient n value
and amodulus operation is not needed no the result.

2.5 Bit Operations

With the reduced equation form it was possible to find, at the end of the last section, an analysis
that can be done on it and a calculation of the bit operations that will be needed to find the desired
Fibonacci number. As the x values get large, a large number of Fibonacci terms are needed to
compute it since n will only roughly reduce x by athird. For example, to get the 10,000 term the
first 3,334 terms are needed. So to reduce the number of terms which are needed to calculate the
process can be repeated to calculate terms on the calculated n values, like 3,334. Also, the work
can be further reduced because at each level of iteration al the terms needed can be reduced down
to the two lowest terms of the given level. Then only two iterations of the process are needed for a
given level. Doing it thisway will reduce the number of terms needed to find logarithmically. This
trick will hopefully save time and space.

251 Algorithm

| constructed a general recursive algorithm to compute the xth Fibonacci number, given a lower
limit L that specifies how low the algorithm should recursively reduce down to. The iterative
algorithm was dlightly altered to return the nth and the (n+ 1)th term. So a call on this algorithm
will return x and x+ 1. So all that would be l€eft isto include a program that calculated the right n
value and passed n — 2 through this algorithm. Then all that would be l€eft to do isto calculate fy
using the returned values and a single pass through the calculation for n, k, |, m, and fy.
fib3(x)
{
if(x <L)
return(l terativeFibonacci (X));
cacnb= 3] +1;
create array f of size5;
(fq, fo) = fib3(nb— 2);
forifrom2to4do
fi = fi_1+ fi_o;
end for;
forifromOto1ldo
n=*]+1
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! (_2)“ - fn(nb—1)+3m-1;

252 Result

The bit operations needed at each level for the first couple are the following. At the top level
we compute only f, from three Fibonacci numbers with index values of approximately §. At
each lower level we compute two Fibonacci numbers with approximate index values of n and then
each is computed from three Fibonacci numbers with index values of approximately 3. Actualy
we need to compute three Fibonacci numbers to keep the recursion going, but the third one is
computed by addition or subtraction from the two we computed using multiplication. At the top
level the bit operations are approximately

n n 2n n
(3m) Gm) +(zm (GEm)
because we take the product of two numbers with about §yn bitsto form anumber with about 2 Im

bits and multiply that number by another Zyn. This gives 1yzn2 bit operations. For each lower
level we have twice as many multiplies but the size of the number is about a third of the previous.
So we have for these levels

27 .. .
2y°n? [ 7 32a] bit operations.
Which gives the generalization

@§52[1+9+912+ ]

6P 9 P
8l 8 12°
So total we get y2n? [% iz} Y?n? big operations.

3 TwoTerms

Instead of using three terms, two terms may result in a simplier, faster result. Going through the
same process as the three term case. Like in the three term case, two consecutive Fibonacci terms
were used, which from the three term case it was proved that they are pairwise prime.
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If the same analysisis used on the M value for two terms using the rounded version of Binet's
Formula, an estimation of the maximum Fibonacci number that can be calculated for a given n

value.
1 1 1 1
fafnir = (—=0") (—=a") = ——o®"tx —ox f
nim <\/§ )<\/§ ) (\/5)3 V5 2n

Thus to make the procedure more efficient, the following equation was used to calculate the n
value.

3.1 InverseValues

The reduction of the inverse values for the two term case took on a dlightly different form then
the three term case. They did not result in the nice 4+ 1 form, like the three term case. Some nice
patterns were found using a Maple program that | wrote.

Theorem 3.1 Given aninteger n, let the two pairwise prime values used in the Chinese Remainder
Theorem my and my be f, and f,, 1 respectively. Then if M; = % the solution to the equation
Miyi =1 (mod my) is

| (fa-1, fa—1) ifniseven.
(V1,¥2) = { (foo2,fn)  ifnisodd.

So for exampleif n=8theny; = f; andy, = f7 and if n= 11 theny; = fg andy, = f13. This
comes fromthe fact that y; uses the value n and y, usesthe value n+ 1.

Proof. The two general equations
fn+1y1 =1 (md fn)

fny2 =1 (mOd frH_]_).

The first equation can be reduced down fn11y1 = (fo+ fa-1)yr — faoayr = 1 mod fn. This
form of thefirst equation is simply the second equation with n— 1 substituted in for n. So if either
equation can be simplified down we can generalize theresult. To provethisresult, thefirst equation
was broken down into two cases, one where nis even and one where nis odd.

n even: Two basic equations known

f2=0 (mod f,).

Itisknown that from [1] that if a= b (mod m) anda’ = b’ (mod m), thena+a = b+b’ (mod m).
Using this one on the basic equations yields

f2+1= 0+1(mod fp,).
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Then since it assumed that n iseven then it is known that
f24(-1)"= 1 (mod fp).

and so using Cassini’s Formula, equation 3, and substituting it in yields
fre1fnog = 1 (mod fn).

From thisit is noticable that thisis the first equation setting y1 = fp_1. It aso known that for yo,
n+lisusedsoif nisoddthenn+1isevenandsoforandoddn,yz = 1)1 = fn.
n odd: The following eguation is the result of using equation 1, lettingr = n—2, n=n and
m= 1, resulting in
for1fh2 = fafao1+ fafo= fafho1 + 1.

Using the same trick asin the even caseto find y». The two equations used
1=1(mod f,)
fnfno1 =0 (mod fp).

They are then added them together to get

fafno1+1=0+1 (mod fp).
Then using the equation at the top of this case and substituting it in yields

far1fr2=0+1 (mod fp).
Which is the first equation again but with y; = f,_2. Then observing y, again, if n is even then
n+lisoddandsoforanevenn,y; = fin 1) o= fr1. ®
3.2 Remainder Values

With the use of a another program written in Maple 8 using the four general equations for finding
the remainders, it was observed that the remainders were predictable.

Theorem 3.2 Given an integer x that corresponds to a desired Fibonacci number, then let n =
|3] +1 and let a= x mod 4 then using the Chinese Remainder Theorem with two consecutive
Fibonacci numbers f, and f,. 1 astherelatively primes, m;, then the remainders are exactly

<1,-3> ifa=0.
<-12> ifa=1
<-1,3> ifa=2.
<1,-2> ifa=3.

<TI1,lp>=
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Proof. Four cases need to be worked out, two cases for n even and two cases for n odd or
4i,4i+1,4i + 2, and 4i + 3. Just using the set of equations found for finding the remainder in the
sequence should suffice in finding the goal. For all four casesk=1and | = 0.

case 1: 4i

n=2-++1 j1:4i(mod2i+1):2i—1

r1= (-1 @-y="fa=1
Mm=2+2  jo—4i (mod2i+2)=2i—2

rp=(-1)?"yip gig=—fa=-3
case2: 4i+1
n=2+1 j1=4i+1(mod 2i+1) = 2i
rn= (-1, @y=—fi=-1
np=2+2 j2:4i+l(mod2i+2):2i—1
ro=(-1)%fop (o1 =fa=2
case3: 4i+2
n=2+2 j1=4i+2(mod 2i +2) = 2i
ri= (-1 gy=—fa=-1
n,=2+3 jo=4i+2(mod2i+3)=2i—1
ro=(-1)"fo.3 (-1 =fa=3
cased: 4i+3

Mm=2+2  ji—4i+3(mod2i+2)—2i+1
ri= (-1t sy =fr=1
n,=2+3 jo=4i+3(mod 2i +3) = 2i

r2= (=15 oy = —fa= -2

3.3 Reduction of the CRT General Equation

With everything that was calculated, an attempt can be made to reduce the general equation given
by the CRT. The equation reduces down nicely like in the three term case only that it only needs a
single significant multiply per iteration and again no modul us operation.
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Theorem 3.3 Given an integer x that corresponds to a desired Fibonacci number, then let n =
| 3] -+ 1 then fy can be determined using the following set of equations:

n= L§J+1
k= (x(mod 2)) +1
X
=13

fx = fn (2" fnom+ (—1)%fn_2) + (- 1)".

Proof. By looking at this case the same way as the three term casg, it is possible to prove the
equation reduction by looking at the four remainder cases.

Each of the four remainder cases correspond to a certain value of n. Forr = < —1,3 > and
<1,—-2>,thenvauewill beeven. Forr = <1,—-3> and < —1,2 >, the n value will be odd.
This even and odd will give the set of y; values that will be used for each case.

1. r=<-13>andneven || frr1(—21)(fr_1)+ fn(3)(fn_1)

- fn-|—1 fn—1‘|‘ 3fn fn—l = —(fr? + (_1)n) + 3fn 1:n—l
= fa(Bfa1—fo) -1
fn(an—l - fn—2) -1

2. r=<1-2>andneven || fni1(1)(fa-1) + fn(—2)(fr-1)

firifho1 —2fnfao1 = fg—i—(—l)n—anfn—l
= fo(fa—2f-1)+1
= fo(fnpr+fn—2fp-1)+1
= fa(farr— fao1+fa2)+1
fo(fan+ fro2) +1

The term inside the parentheses of the third line in the above work is obviously negative
and so fr11 f, is added to the whole thing to make it positive, since the equation is modulus

fn+1 fn-

The following is an equation that will be used throughout the next two parts

firifh2 = fafh1+ 1.
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3 r=<1-3>andnodd || fnt1(1)(fr_2) + fn(—3)(fn)

frr1fn2— 3fr% = fafp1+1- 3fr?
= fa(fro1—3fn)+1
= f(2fna+ o1 —3fn) +1
= f(2fa+2f1+ fro1—3fn) +1
= fa(3fpo1—fn)+1
fn(2fn_1—fa2) +1

The term inside the parentheses of the third line in the above work is also negative and so
2fq. 1T, isadded to the whole thing for the same reasoning.

—fn+lfn—2+2fr% = —fnfn—1—1+2fr%
- fn(2fn — fn_l) — 1
fn(fn + fn—2) -1

|
Asin the three term case, the two term case will require no modulus operation. The two cases
Thisis easy to show after dividing by f,,. The equations reduce down to

for1>fa—foa— fa+fr>fa—frhoa— fho1>—fros

frpr> i+ foo— fat+fa>f+fho— froa>fro

So it is now known that the equation for fy for two termswill always be positive and less then
M.

3.4 Bit Operations

The same problem arises asin the three term case. It will actually be slightly more significant since
for two termsthe x value will only be reduced by ahalf. To improvethe resultsagain, the procedure
will be called recursively on all previousterms. Thiswill cut the number of terms logarithmically

again.
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34.1 Algorithm

The same information applies to this algorithm as did in the fib3 a gorithm with L being the lower
limit.
fib2(x)
{
if(x <L)
return(lterativeFibonacci(X));
cdcnb=[3]+1;
create array f of size 5;
(f1, fo) = fib2(nb—2);
forifrom2to4do
fi = fi_1+ fi_o;
end for;
forifromOtoldo
n=%']+1
k= ((x+1i) mod 2) + 1;
=15,
m= (x+i+1) (mod 2);
t= ];er—(nb—Z)(szn—(nb—Z)—m+ (—D)*fn_mp) + (—1)";
a=0>n;

3.4.2 Results

This calculation mimics the three term example that was worked out. The bit operations followed
asimilar trend in the two term case as they did for the three term case. There was a nice pattern
that could be reduced down to a sum of a geometric series. The number of bit operations turned
out to be

(GE)- Y -gre

4 Four Terms

Using four consecutive Fibonacci terms proved to be more complicated then two and three terms.
Thefirst problem to arise was finding four consecutive Fibonacci numbers for a given n value.
Just to be thorough each case will be listed.

GCD(fn, fn+1) = fGCD(n,n+1) —f1=1
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GCD(fn, fa+2) = focp(nnsz) — faor fz =1lorl
GCD(fn, fat+3) = focp(nng3) — fior foor f3 = lorlor2

Soif thenisamultiple of 3 then there will be a problem because the first and the last term will
have a common factor of 2. A way to avoid thisisto insure that the n value will never be an exact
multiple of 3 the following equation was used

n=n+2-—(n(mod 3))
These equations will insure that n will always be equal to 3i + 2 for somei =0,1,2,....

4.1 InverseValues

Knowing that n will be equal to 3i + 2 a reduced form of the inverse equations using a Maple
program yielded these observable patterns. These equations have yet to be formally proven.

Proposition 4.1 Givenann=3i+2for somei=0,1,2,.. ., let thefour pairwise primevalues used
in the Chinese Remainder Theorem my, mp, mg, and my be f,, fr11, fri2, and f, grespectively.
Then if M; = % the solution to the equation Mjy; = 1 (mod my) is

_ _1f
Y1—Y4—§ n+1

y2=Yy3 = fn.
Proof. Currently the only proof of thisis running the Maple program using a large number of
input examples. m
4.2 Remainder Values

While knowing that n = 3i + 2 for somei = 0,1,2,..., using another Maple program a repeating
pattern emerged after taking values of x > 80. The following table lists the pattern.

X remainders X remainders
80 | —f12,—f16,— 20, —f24 | 86 | —fs, —f10, —f14,—f18
81 f11, f15, f19, o3 87 fs, fo, f13, f17

82 | —f10,—f14,—f18,— o | 88 | —f4,—fg,—f10, —f16
83 fo, f13, f17, f21 89 f3, f7, f11, f15

84 | —fg,—f1o,—f16,—f20 | 90 | —f2,—fg,—f10,—f14
85 f7, f11, f15, 19 91 f1, fs, fo, f13

As tested this pattern holds and thus the remainders can be treated as constants and will not con-
tribute significant multiplies when cal culating the number of bit operations that are needed to find
aparticular fy.
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421 Results

A reduced form of the general equation that required only three significant multiplications was not
found.

One problem that | can see with using four consecutive terms is the fact that the number of
bit operations needed for a single iteration will start out too large. Assuming that given an equa-
tion which only requires the multiplication of four (%)y bit numbers and that there are no other
operations that will add any significant amount to the bit operations, the number of bit operations
needed for asingleiteration is gyznz. This calculation below mimics the three term example that
was worked out. It contains the calcul ations but omits the explanation.

5 Timing

Using Maple, | wrote programsfor al the algorithmslisted in this paper, the iterative, the two term
and the three term methods. | also wrote a program that would time the running of each program
given various sizes of Fibonacci numbers they were to compute. The timing program would run
a given method a number of times on a particular input size and then average the times that were
calculated. It would then repeat the process with the next input size. | chose to vary the input
size two ways, the first was a uniform step size of 1,000 and the second was an exponential input
increase by powers of two. Data for the exponential timing is included to give perspective. It is
apparent that the iterative method is much slower after a sufficiently large index value.
Results of timing programs with exponential step sizes (25XP).

Exp| Fiblt Fib2 Fib3
8 | 0.002085 | 0.002435 | 0.00179
9 | 0.005105 | 0.00303 | 0.0022
10 | 0.01223 |0.003745 | 0.002585
11 | 0.0402 | 0.00451 |0.003337
12 | 0.106615 | 0.005445 | 0.00405
13 | 0.261125 | 0.007345 | 0.005945
14 | 0.778185 | 0.011085 | 0.01085
15 | 2.624305 | 0.020575 | 0.02379
16 | 9.53832 | 0.04708 | 0.061565
17 | 36.428915 | 0.124955 | 0.17064
18 | 141515 |0.347255 | 0.50022
19 | 647.397 | 1.01283 | 1.47754
20 | 3060.648 | 3.0075 | 4.4224

It looks as though the two term method is actually faster then the three term method. | was
going to attempt to program another method which used Lucas numbers to calculate Fibonacci
numbers and compare that one also. [5] | ran out of time and could not get the program to work
correctly.
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If the visible trend continues then other methods like four or five consecutive terms may not
result in quicker terms. Unless these terms are able to be reduced in some manner to reduce the
number of bit operations altogether.

One surprising observation is that the two and three term methods seem to increase by a multi-
ple of three and not the expected multiple of 4. Since these are n® methods, doubling the input size
each time should increase the running time by about a factor of 4 each time. The multiple of three
may come from the fact that | used Maple and it has some ways to reduce the time needed. One
way to check this would be to try and program the algorithms in another language and time them
again.

At the end of this section istwo graphs, one with all three data sets and one with only the two
term and three term methods. In the first graph, the sharply increasing line is the iterative method
and the other two methods hang around the x-axis. The second graph compares the times for the
two term and three term methods. 1t seems as though the three term is generally slower then the
two term method. In both graphs, the x-axis is labelled by the Fibonacci index that was computed
and the y-axisis labelled with the time in seconds.
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6 Conclusion

With the investigation of the Chinese Remainder Theorem, | had hoped that it would result in
methods that would beat fastest known methods. In the end, both the two and three term methods
resulted in nice equationsthat did not require the CRT. They were both only dependent on knowing
anumber of lower Fibonacci numbers and being able to calculate some minor equations and then
the final calculation for the desired Fibonacci number.

Unfortunately the bit operations seemed to come out in both cases as 1% v’n?. Thiswas the

same result that Cull and Holloway[5] found for their method of calculation. Another problem is
the results in another paper[6] by Daisuke Takahashi that claims that he had found away to speed
up the method in Cull and Holloway. So one thing to check is to attempt to program his method
and compare running times that way.

Another point that could be investigated is seeing how changing the lower limit, L, in the
algorithms affect the running times. 1t may be worth while to find a way to optimize that as well.
A simple comparison of when the iterative method performs slower then the other methods would
yield a better lower limit then the onethat | arbitrarily chose.

It would also be interesting to get the Lucas method working and to compare running times.
Since the bit operations come out to be the same in the end, finding out which runsfaster in practice
would be an interesting outcome.

Obviously the four term section can use a lot of work to actually see if my observations are
true. There are anumber of other ways to reduce the general equation and maybe with some luck
anice result can be found.

Then work on five consecutive terms could be attempted. The way one calcul ates the n value
will need to be very specific since only one out of every three values will work. Five terms may
yield very nicely reduced forms for the remainders and inverses.

Instead of looking at consecutive terms, finding clever ways to compute non-consecutive terms
may result in faster methods of computation. | have not thought about ways of choosing them as of
yet but one must consider ways which will yield convenient reductions or nice simplifications. The
problem with five terms is the same as four. Unless the size of the multiplications can be reduced
it seems as though it will start out too slow to end up being any faster.

This investigation did produce some nice results. It was surprising that the bit operations for
both methods resulted in the same coefficient of % Even more surprising was that 1—52 wasthe same
coefficient found by Cull and Holloway[5], using a completely separate method for computation.
This coefficient may come from the basic approach that all n®> methods use. It would be interesting
to seeif other variations of the CRT would result in the same coefficient.
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