Read Sec. 20, 21,
(Metric Topology)

Def. A sequence (x,) in X convergesto p if
for each neighborhood U of p, there exists
anNsothat if n > N, thenx, € U.

Theorem: If XisHausdorff, (x,) - p and
(Xn) - g,thenp = q.

Theorem: A countable product of metric
spaces, with the product topology, Is
metrizable.

Def. A neighborhood base at apoint xin X
Is a collection of neighborhoods of x, {U,}
such that every neighborhood of x contains
one of the {U,}.

Def. Xis 1st countableif every point in X
has a countable neighborhood base. X is
2nd countableif X has a countable basis.

Note: Metric spaces are first countable.

Sequence Lemma: If a sequence of points
(an) inasubset A of X convergestopin X,
thenp € A. Conversely, if Xisfirst
countableand p € A, then thereisa
sequence of pointsin A converging to p.




Theorem: An uncountable product of
nontrivial metric spaces X, with the
product topology is not metrizable.

Pr oof:

Fix distinct points a, and b, in each X,.
Let A= {(X,) € [ [Xe[Xe € {Qs,b.} and
X, = a4 for only finitely many o}

Let p be the point with ath coordinate equal
toa, for each a.

Claim, pisin A, but no sequencein A
convergesto p.

Theorem: S, is not metrizable.

Proof: The sequence lemmafails.

Theorem: R® with the box topology is not
metrizable.
Proof: The sequence lemmafails.

Theorem: Letf : X —» Y be continuous
where X is 1st countable. Then fis
continuous if and only if whenever

(an) » ain X, (f(ap)) — f(a)inY.

Pr oof :

= Truefor any X.

< Show that f(A) < f(A).




Theorem: The sum, difference, product
and guotient operations from R x Rto Rare
continuous where defined. The sum,
product, difference and quotient of
continuous real valued functions are
continuous where defined.

Proof: Advanced Calculus

Uniform Limit Theorem: If Yis
metrizableand f, : X - Y isaseguence of
continuous functions converging uniformly
toafunctionf : X - Y, thenfis
continuous.

Another way of stating thisis that the
subspace of Y* consisting of continuous
functionsisclosed in YX if YX isgiven the
uniform bounded metric:

d(f,g) = sup{d (f(x),g(x)}.




