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Abstract

The spatid digtribution of anaturd resourceisan important consideration in designing an efficient survey or
monitoring program for theresource. Generaly, sample Sitesthat are spatialy-baanced, thet is, moreor less
evenly dispersed over the extent of the resource, will be more efficient than smple random sampling. We
review a unified drategy for sdecting spatidly-baanced probability samples of natura resources The
techniqueis based on cresting afunction that maps2-dimensiond spaceinto 1-dimensiona space, thereby
defining an ordered spatial address We use arestricted randomization to randomly order the addresses, so
that sysematic sampling aong the randomly-ordered linear structure results in a spatialy well-balanced
random sample. Variable incluson probability, proportiona to an arbitrary postive ancillary variable, is
eadly accommodated. The basic technique sdects points in a 2dimensond continuum, but is aso
gpplicableto sampling finite populationsor 1-dimensona continuaembedded in 2-space. An extenson of
the basi ¢ technique givesaway to order the sample points so that any set of consecutively-numbered points
isin itsdf a gpatidly-wel-baanced sample. Thislatter property is extremely ussful in adjusting the sample
for the frame imperfections common in environmental sampling.

1. Introduction

Environmental sudies invariably involve populations distributed over space Traditiondly, such sudies
tended to focus on relatively small and well-ddimited sysems. However, some of the environmenta issues
that we face today, such as globa warming, long-range transport of atmaospheric pollutants, or habitat
dteration, arenot localized. Understanding and quantifying the extent of symptoms of wide-goread concams
requires large- scae sudy efforts, which in turn needs environmenta sampling techniques and methodology
that areformulated to addressregiond, continental, and globa environmentad issues  Stehman and Overton
(1994) give anoverview of some gatigtica issues associated with environmenta sampling and monitoring,
and Gilbert (1987) has an extendve discussion of sampling methodsfor monitoring environmenta pollution.

A resource property relevant to sampling design isthedimension of conceptua spatia representation of the
resource. Resource populationsmay be represented as collections of points, lines, areasor volumes; that is,
as0-, 1-, 2- or 3-dimengond objects For example, smal to medium-sized lakes can be viewed asdistindt,
naturd units Treating the lakes as pointsin a 2-dimensond domain isappropriate for sampling purposes,
where the point associated with alake is some uniquely defined location in the lake, e.g., the [ake centroid.
Resources such as streams or riparian wetlands may be given a l-dimensond representation in 2
dimensiond space, and sampled aslinear resources Such resourcesarein fact 2-dimensond, but aremuch
longer than they are wide, and do not have well-defined naturd units Resources that extend over large
regionsinamore or less continuous and connected fashion may betreated as 2-dimensiond objects Asfar
a linear resource, an extengve resource does not have digtinct natura units For example, the Southern
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Cdifornia Bight, Puget Sound, and large wetlands such as sdt marshes or the Everglades fdl into this
category. Insomeinstances, we may aso need to consider the depth dimension of an extensive resource.
For example, if we wished to estimate the total contaminant loading of Lake Ontario, we would need to
view and sample the lake as a 3-dimensiona object.

Oneaf the more prominent features of many environmenta popul ationsisthe arrangement of the population
unitsthroughout space. Nearby unitsinteract with one another, and tend to be influenced by the same set of
natura and anthropogenic factors. For example, neighboring trees in a forest interact by competing for
energy and nutrients, and areinfluenced by the same set of physical and meteorologica conditions, thesame
levd of ar- or water-borne pollutants, and the same set of landscape disturbances. Sampling designsthat
capitalize on this patia aspect of environmenta populations tend to be more efficient than Smple random
sampling. A related advantageous property ishaving the sample pointswell- dispersed over the extent of the
resource domain. The advantages of this property could be established from a super-population
perspective by introducing spatia correlation Such studies have concluded that regularly-spaced design
points are optimal for avariety of reasonable spatid correation functions, (See, for example, Munholland
and Borkowski (1996), Breidt (1995), lachan (1985), Olea (1984), Bellhouse (1977), Daenius et al,
(1961), Matérn (1960), Das (1950), Quenouille (1949), Cochran (1946)), A drawback, of course, isthat a
design-based variance estimator is not available for adtrict systematic sample point arrangement.

Over repeated sampling, a smple random sample (SRS) from alist frame is guaranteed to preserve and
reflect al attributes of the population The repeated sampling will faithfully reved varying sodtia densty,
clustersof lements, or voids However, any singleredization of an SRS may result in subgtantid distortion
of spatia pattern Our efforts are directed towards structuring the sample so as to ensure that a single
redlization will have sample spatia pattern that has strong resembl ance to the popul ation pattern, i.e., sothat
clusters and voids are picked up and reflected in the sampl e, to the resolution of the sample. Of course, the
resol ution depends on both the sample size and the extent of the population domain. A sampleof sze 100
from apopul ation spread over 1000 ki (asampledensity of 1 point/100 k?) hasno chance of discerning
1 kné-sizepatches. The property that wewould liketo haveisthat the achieved samplesizein any arbitrary
subregion of the population domain has much smdler variance than under an SRS sample with the same
firg-order inclusion probability (and thus the same expected sample size).

The consideration of sample density versus population density iscomplicated by another consideration that
invariably arisesin desgning asample: some population e ements are perceived to be moreimportant than
others. For example, in sampling lakes, one might wish to select large lakes with a greater probability than
small lakesbecauselargelakes arelessnumerousthan smdl, or becausethey contribute disproportionaly to
total surface area, total water volume, or total recreationa usage. For asecond example, onemight wishto
increase the sampling rate for lakes in an arid region of the population domain to get enough samples to
reliably describe lake characterigtics for the regon These two examples illudtrate two very different
scenarios for which variable probability sampling might be required. In the firg, the probability varies
dement-wise, and depends on an attribute (in this case, Sze) of the ement. In the second case, the
probability varies on a geographica region bads, but is the same for every dement within the region
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Moreover, the two scenarios can occur in combination, so that we have aneed to conform to both e ement-
wise and region-wise variation in inclusion probability.

There are severd paradigms for incorporating the spatid aspect of an environmenta population into a
sample. Areasampling partitionsthe domain of the population into polygons, which can ether betreated as
dtrata, or as population units themselves Systematic sampling using aregular grid is often applied, as are
severd variants that perturb the strict dignment (Olea, 1984). Along the same lines, Munholland and
Borkowski (1996) have used a Latin square with a single additiona independent sample to achieve a
spaidly baanced sample. Breidt (1995) used a Markov process to generate a one-unit- per-stratum
spatidly digtributed sample. Both of these techniques select cdlsin aregular grid, athough they can be
adapted to other populations. A third gpproachisto use spaceto order alist frame of the population, then
usetheorder of thelist to structure the sample, say by defining strata as success ve segments of the ordered
lit, or by systematic random sampling. For example, Sadfeld (1991) drew on graph theory to defineatree
that leads to a spatidly articulated list frame, and the Nationa Agriculturd Statistics Service has used

serpentine strips (Cotter and Neadlon, 1987) to order their primary sample units within a state. A related
ideathat originated in geography isthe General Baanced Ternary (GBT) spatid addressing scheme (Gibson
and Lucas, 1982). The concept behind aGBT addressisrelated to the concept of space-filling curves, such
asfirst congtructed by Peano (1890), or the Hilbert curve (Smmons, 1963). Stevens and Olsen (1999)
used asmilar concept, recursive partitioning, together with hierarchica randomization, to distribute sample
points through space and time. Wolter and Harter (1990) have used a congtruction smilar to Peano’sto
congtruct a “Peano key’ to maintain the spatid disperson of a sample as the underlying population

experienceshirthsor deaths. Sadfeld (1992) hasaso used the Peano key to maintain patia dispersonof a
sample.

Inthedesign discussed here, severd of these concepts are synthesized to create avery powerful and flexible
technique for sdecting agpatialy-wel- distributed probability sample. Thetechniqueisbased on creating a
function that maps 2dimengond space into 1I-dimensona space, thereby defining an ordered spatia
address. We use aredtricted randomization caled hierarchica randomization (HR) to randomly order the
address, and then gpply atransformation that induces an equi- probable linear Structure. Sysemdicsampling
aong therandomly ordered linear Sructureisand ogousto sampling arandom tessellation of 2-dimengond
pace, and resultsin a spatialy well-balanced random sample. We cdl the resulting design aGenerdized
Random Tessdlation Stretified (GRTS) design. Some of the properties of the design are discussed in
Stevens and Olsen (2000).

A practica complication encountered in gpplying aspatialy-baanced environmental sampleisthedifficulty
in obtaining an accurate frame. Inmany instances, critical properties of the environmenta resource are not
known prior to fidd vigt. For example, aframe for sampling streams might be blue line traces on USGS
quadsheets. Unfortunately, many of thetracesturn out to represent ephemerd or intermittent Sreams, rather
than perennia streams, especidly in the more arid sections of the Western U.S.  An even more serious
problem isthat much of the resource we might like to sampleis privately owned. Access permission from
the owner is required before a sample can be collected. It isimpractica to obtain access for the entire
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frame, so we only seek access to the selected sample points. Our experience has been that we can lose
50% or more of our target sample points because of lack of access. In either case, wewould liketo havea
procedurethat alowsusto add pointsto the sample aswe discover non-target or inaccessible points, a the
same time maintaining a spaidly-wel-baanced sample. In this paper, we show how to order the points
resulting from an M-point GRTS sample so that thefirstm points, form £ M, areaspatialy-well-balanced
sample.

2. Generalized Random Tessdllation Stratified Design

Three generic Stuations arise when sampling environmental resourcesthat occur inaspetidly defined region.
Frgt isthe situation of acontinuous popul ation existing within abounded area. Examplesarethe pH of sail,
biomass density, and concentration of total phosphorus near the surface of alake. Second isacontinuous
population that exists only on alinear network within abounded area. Attributesthat can be defined at all

points of a stream or river network, such as water chemidry, are examples. Third is a discrete (finite)

population that occupies fixed locations within a bounded area. Examples are basa area of trees and

eutrophication status of a collection of lakes. In dl three stuations, the elements of the populations can be
labeled by their spatia location.

We can cover al three cases with the same development if wework in the context of generd measureand
integration theory. Let R be the domain of the population we wish to sample, that is, the set of points
occupied by eements of the population. We require that R be abounded subset of R?. Thus, Rcan be
enclosed in a bounded square, so that by scaling and trandation, we can define a 1-1 mgp from Rinto
(0,%] ~ (0, ¥4, the lower left quadrant of the unit square. Clearly, every point in the imageis associated
with aunique point in R and vice versa, so henceforth, we will identify Rwith itsimage in the unit square.

A measure spaceisatriplet (X, B, p), where X isaset cadled the universe, B isas-field of subsetsof X
cdled the measurable sats, and 1 is a measure. We take our 2-dimensond universe as the unit square
12=(0,1] " (0,1]1 R? and consider functionsf(+) that map 1 ?into the unit interval 1 = (0, 1]. The
underlying s-fidds are B(1) and B(1 ?), the s-fidds of the Bord subsetsof 1 and 1 2, respectively.

Stevens (1997) derived incluson and joint inclusion functions for severd grid-based designs that were
precursorsto GRTS designs, and share some of their properties. The designs are all generaizations of the
Random Tessdlation Stratified (RTS) design (Overton and Stehman (1993), Olea (1984), Dalenius
et al, (1961)). The RTS desgn sdlects random points in space via a 2-step process. First, a regular
tessdllation coherent with aregular grid is randomly located over the domain to be sampled, and second, a
random point is selected within each random tessdlation cdl. Let C be a polygon congruent to the
tessellation cdls, let C(0) be the cdll enclosing the (nortrandom) origin, and C(s) be C(0) trand ated to the
points. Formally, C(9)={t|t-sl C(0)}. Following Stevens (1997), the inclusion functions for the RTS

desgn are
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and

|C(s)C C(D)|
p(st)= p(S)p(t)l cl iﬁ

where |C| denotesthe areaof C.

The RTSdesgnisavariation on asystematic design that avoidsthe dignment problemsthat can occur with
acompletely regular systematic design. Like a systematic design, an RTS design does not alow variable
probability spatiad sampling. Stevens (1997) introduced the Multiple-Dendty, Nested, Random-
Tesdlation Stratified (MD-NRTS) designto providefor variable spatid samplingintensity. Thegeometric
concept underlying the MD-NRTS was the notion of coherent intengification of agrid: adding pointsto a
regular grid in such away asto result in adenser regular grid with smilarly-shaped but smaler tessdllation
cels.

We have snce extended the same notion by generdizing to aprocessthat createsapotentidly infinite series
of nested, coherent grids. Inthelimit, the processresultsin afunction that maps 2-dimensiond spaceinto 1-
dimensiond space. We show how to use this to generate a sample of a spatid population so that (1) the
sample hasaspecified first order inclusion function; and (2) subject to (1), the sampleisevenly spread over
the extent of the population. We will show that the technique can be applied to point-like, line-like, and
area-like populations, that is, to discrete, linear, and extensive populations.

2.1. Random quadrant-recursive mapsfrom 12 to |
To be ussful in achieving aspatialy-balanced sample, thefunction f that maps 1 2® 1 must preserve some

proximity relaionships, and so we need to impose some redtrictions on the class of functions to be
consdered. Mark (1990), in studying discrete 2 to 1-dimensiond maps, defined a property cdled
quadrant-recursive, which required that sub-quadrants be mapped onto sets of adjacent points. To define

& j+1lu aek k+ 1u

the continuous andogue, let k=01 ,, 2"-1 ad le
U= g
Jm gem m+ 1” . A functionf :1 ® I isquadrant-recursiveif fordl n3 0, thereissomem=0, 1, .
4"

4"-1 such that f(QJ.k )=Jb. Because B(1) canbegenerated by setsof theform J" and B(1 %) can be
generated by sets of the form Qj“k , both f and f ** are measurable.

We can view a quadrant-recursive function as being defined by the limit of successve intengfications of a
grid covering the unit square, where a grid cell is divided into 4 sub-cdls, each of which is subsequently
divided into 4 sub-sub-cells, and so on. If wewereto carry thisrecurson to the limit, and pair grid points
with an address based on the order in which the divisons were carried out, with each digit of the address
representing astep in the subdivision, then we obtain aquadrant - recursive function. For example, suppose
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we begin with apoint at (1, 1), and replace it with 4 pointsps = (1, 1), p.= (/2,1), p.= (1, 1/2), andpo
= (1/2, 1/2). Thenext step of the recursion replaces each of thefirgt four pointspy, ,.. ., pz Withp; - {(0,0),
(0,1), (1,0), (1, 1) }/2%. Thusthepointp, = (1, 1/2) isreplaced with the 4 pointspys = (1, 1/2), p12 = (1,
1/4), pu = (3/4,1/2), and pio = (3/4, 1/4). The n™ step replaces each of the 4" points P,

withp,, ;, - {(0,0,(0,2),(1,0),(1,1)}/2™.

A spatidly-referenced address can be congtructed following the pattern of the partitioning, with each new
partition adding adigit postion to theaddress. Thus, in the above example, thefirst groupof four pointsare
assigned the addresses “3”, “2”, “1”, and “0”, with “3” being the origina point a (1,1). The successor
points to point, “2" get the addresses “23”, “22”, “21”, and “20”, and so forth. The addresses induce a
linear ordering of the sub-quadrants. Moreover, if we carry the processto thelimit, and treet the resulting
address as digits in a base-4 fraction, eg., “22103...” as the base 4 number (0.22103...),, then the
correspondence between grid point and address is a quadrant-recursve function.

Recursive partitioning generates anested hierarchy of grid cells. The derived addressing has the property
that all successor cdls of acdl have consecutive addresses. Thus, a path from cell to cell, following the
recursive partitioning address order, will connect al successor cells of cdl “0” before reaching any
successor of cell “2".

A 1-1 continuous mapping of 1 2 onto 1 is not possible, so that quadrant-recursive functions are not
continuous. However, they do have the property that all pointsin aquadrant are mapped onto anintervd,
al pointsin any one of the four subquadrants of a quadrant are mapped onto an interval; and so on ad
infinitum. This property tends to preserve proximity relationships, i.e, if sis“closeto’ t, thenf(s) should
“tend to be close to” f(t). Inthe Appendix, wegive precison to this statement by showing that if the origin
is located at random, and sis chosen at random from 1 2, then LmE[ | (9) - f(s+d)|]=0. Intuitively,

two eements that are close together will tend to fdl in the same randomly located cdl of a Sze that
decreases as the distance between the points decreases. Because the two elements are covered by the
same cdll, their addresses match to thelevel of that cdll, and thus, in expectation, their addresswill be close.

A fundamental 1-1 quadrant-recursive map isdefined by digit-interweaving. Lets= (x, y) beapointin 1?2
Each of the coordinates has an expansion as abinary fraction of the form x = 0.X1X2Xs..., ¥ = 0.y1YaYs...,
where each x; and y; iseither O or 1. Define fo(s) by dternating successvedigitsof x andy, that is, fo(s) =
0.X1y1X2Y5.... Clearly, fo would be 1-1 except for different expansons of the same number. For example,
0.1 and 0.011111..., where the 1’ scontinue indefinitely, are two representations of the number 1/2. If we
adways usethe binary representation with aninfinite number of 1's, thenfyis1-1. Moreover, every pointin
I istheimage of apointin 1 2 which is obtained by “digit-splitting”. Thatis, if t = O.tatsts... isin I, then
s= f_ ()= (Ottats- Otstate..) iSthe preimagecf t. Bothfoand f ' are 1-1if we aways use the
representation with an infinite number of 1s (Hausdorff, 1957, p.45). To show that f, is quadrant-
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recursive, note that for s Q' , thefirst 4" digitsof fo(s) arefixed, sothat f (s)T J7,, wheremisdefined
by the first 4" digits Conversaly, the pre-imagesof every tT J7, havethesamefirst 2" digits, and so must
bein the same Q.

Figure 1 showsthe first 4 levels of the recursive-partitioning of the unit square. The address of the cross-
hatched subquadrant is, as a base 4 fraction, (0.213),, Theassociated grid point isat (3/4, 1/2), the upper
right corner of the subquadrant. Following the convention of having an infinite number of Isin the
expansion, wehave (3/4, 1/2) =(0.11, 0.1),=(0.1011111...,0.0111111...),. Digit-interweaving givesthe
image (0.10011111...), =(0.2133333...)4,0f which the first 3 digits are the subquadrant address. If we
were to carry the recursive- partitioning to the limit, every point in the subquadrant would be assgned an
address beginning with (0.213)..

The class of dl quadrant-recursive functions can be generated fom the function fo defined by digit-
interweaving by permuting the order in which subquadrants Q’j‘k are paired with the intervas Jp,. For
example, forn=1, f ( Q}k )= J5.«. Weobtain adifferent quadrant-recursive function by permuting the
subscripts{0, 1, 2, 3} of theimageintervas. Thus, under thepermutationt = {2,1,3,0}, weget afunction
suchthat f,(Qj,)= Ji gy, 0that f (Qp)=Jz, f,(Qy)=J1, f,(Qy)=J3,and f,(Qy)=Js.

To see that the class of dl quadrant-recursive functions is generated by such permutations, express each
number in 1 asabase 4 number, that is, ast = . tit:ts..., whereeach digit t; iseither a0, 1,2, 0r 3. A
function hy: 1 ® 1 is a hierarchical permutation if h,(t)=0.p,(t,)P,(t2)P,,«ts).-, Where
Po, ol ®) isapermutation of {0,1,2,3} for each unique combination of digitsty, t»,...,t,.1. Agan, we
ensurethat h, is1-1 by awaysusing theexpangon with an infinite number of non-zero digits. Any quedrant-
recursve function can be expressed asthe composition of f, with some hierarchical permutation hy, Sncethe

associations f(Qr}k )=Jn, determine the series of permutations, and the permutations define the
associations.

If the permutations that define hy(s) are chosen a random and independently from the set of al possible
permutetions, we cal hy(s) a hierarchical randomization function, and the process of gpplying hy(e)
hierarchical randomization.

2.2. Sample sdlection with probability proportional to arbitrary intensity function
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The design specifications must include definition of adesired sampleintendty function p(s). Werefer top(9
asan intengty function, since we have not yet introduced a probability measure. Wewill develop asample
sdlection method that yields an inclusion probability function equd to p(s). For adiscrete population, p(s)
hasthe usud finite- popul ation sampling interpretation asthe target indlusion probaility of the population unit
located at s. Of course, we set p(s) = 0 if thereisno population element a s, and require0 < p(s) £ 1
otherwise. For linear and extengve populations, p(s) isthetarget inclusion probability dengty function. We
asume that any linear population condsts of a finite number m of smooth, rectifiable curves

L= Lmj{gi(t) = (x(), y,®) [tT [ai,bi] } , With x; and y; continuous and differentisbleon [&;, bi]. We set

p(s) equa to the target number of samples per unit length at s, fors1 L and equal to zero elsewhere. For
example, if thelinear population were astream network, p(s) would specify the desired number of samples
per km of stream at the point s. Fndly, for an extensive population, p(s) specifies the target intensity as
number of samples per unit area. Notethat for 1- and 2-dimensiona resources, p(s) could beacontinuous,
smoothly-varying function. Formaly, we require p(s) to be bounded and measurable, and trictly postive
onR

We randomly trandate theimage of Rin the unit square by adding independent, U (0, %) offsetsto thexy
coordinates. Thisrandom trandation plays the same role as random grid location doesin an RTS design,
namely, it guarantees that pairwise inclusion probabilities are non-zero. In particular, inthiscaseit ensures
that any pair of pointsin R has a non-zero chance of being mapped into different quadrants.

For each of the three types of populations, we define a measure f of population size. We use the same
symbol for al three cases, but the specificsvary from case-to-case. For afinite population, wetakef tobe
counting measure restricted to R, so that for any subset BT B(1 %), f (B) isthe number of population
dementsin BCR. For linear populations, we take f (B) to be the length of the linear popul ation contained
within B. Clearly, f isnon-negative, countably additive, defined for dl Bord sets, andf () =0, sofisa
measure. Findly, for extensve populations, wetakef (B) to bethe Lebesgue measure of BCR Fromthese

definitionsof p(+) and f (), it followsthat W(B) = ¢ (s)df (s) isameasure and that w(B) isthetarget number
B

of samplesin B. In particular, M = w(l ?) isthetarget ssample size, In thefollowing, we assumethat M isan
integer. The non-integer caseis asmple extenson.

Sincef is measurable, f(B) ismeasurebleforBT B(1 ), sothat F()= ) p(s)df (s) exists. Infact,
£(0.A)

F isadistribution function, thet is, increasing and right-continuous. For linear and extensive resources, F

is a continuous, strictly-incressing function, but for finite resource populations, F isastep function with

jumps a the images of population dements. We can modify F to obtain continuity in the finite case via

linear interpolation, i.e, let x;, i = 1, ..., N betheordered jump-pointsof F , setxo = 0, Xx+1 = 1, and, for
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X <X £X.,,, &t F(X) = If(x)+F(Xi+1)_ I:()g)(x- x). If weset F=F for thelinear and extensve
1N
case, then in every case we have that F is a continuous digtribution function with range (0, M].

Inthefinite case, F* issngle-vaued, so that G(X)= min(x; | F {(X) £ x; ) iswdl-defined. Inthelinear and
extensive cases, F* may not be single-vaued, but F~(x) will always be closed and bounded, so that the
G(X) = min{y|yl F~{X)} iswdl-defined. Indl cases, theintensity function pispostivea s= f {(G(X)),
that is, there is a populaion dement a s. Thus, f oG maps (0, M] onto the target population, that is,
f oG associates every point in (0, M] with aunique eement in the population.

It followsthat selecting asample from (0, M] also sdlects popul ation dementsviathemapping f ' G. To

get asample with aninclusion function equd to the target inclusion density, we select asample from (0, M]
by splitting the range into M unit-length intervas (0, 1], (1, 2], ... , (M- 1,M], and picking onepoint in each
intervd, uniformly distributed over the interva. The selection need not be independent, e.g., we may use
systematic sampling with a random start and a unit-length sdection interva. Because of the hierarchica
randomization, we gain no additiond “randomness’ by picking the points independently. The sdlection
procedure defines an inclusion probability density function on (0, M] with acorresponding measure Py ().

Note that Py, coincideswith Lebesgue measure on (0, M]; in particular, the measure of asub-interva of (O,
M] isitslength.

We induce a measure Py on I via pyB)= ()dPw, ad then in turn a measure P, on | 2 via
G'®
PAB)= QdP:. P:isanindusion probability messureon I 2 and P,(B) = W(B), s0 that the sample
)

sdlection method does give an inclusion probability function equa to the target sample intendty function.

The technique of mapping 2- spaceto aline segment, systematic sampling from the range of the distribution
function, and then mapping back to the population e ements will always produce a sample with the desired
firg-order incluson probability function so long asf is1-1 and measurable. The second (and higher) order
properties are determined by f and the specifics of sampling on (0, M] . We required that f be quadrant-
recursve, and claimed that that was sufficient to give aspatidly-ba anced sample. Thisfollowsfromthefact

that the map f o (5) o f trandforms the unequd intengity surface defined by p into an equi-probable

surface. The quadrant-recursive property of f guarantees that the sample will be evenly spread over the
equi- probable surface, in the sense that each sub-quadrant will receiveits expected number of samples, to
the resolution determined by the sample sze M.

GRTS 10



2.4. Reversehierarchical ordering

The sample points selected by mapping the systematic points dong (0, M] back to the population domain
will be ordered in away that follows the quadrant-recursiveness of f, tempered by alowancefor unequa

probability selection. Thus, thefirst quarter of the pointswill al comefrom the same*quadrant” of the equi-
probable domain, and will dl be approximately neighborsin the origina population domain. It followsthat
four points, one picked from each quarter of the sample points ordered by the systematic sdlection, will bea
spatidly baanced sample. Because the random permutations defining the hierarchica randomization are
selected independently of one another, it makes no difference, from adistributiona standpoint, whether we
pick the points systematically from each quarter, or make random selectionsfrom each quarter. Therefore,
we lose no generdity by picking the points that occupy positions corresponding to being a the beginning,
one quarter, one half, and three quarters of the way through the ordered list of sample points.

Within each quarter of the ligt, the points are again quadrant-recursively ordered, so points picked at the
beginning, one quarter, one haf, and three quarters of the way through each quarter of thelist will be soread
out over the corresponding quadrant, and so on down through the sequence of subquadrants. We can
utilize these properties by re-ordering the systematically sdlected list so that, at any pointinthere-ordered
list, the samples up to that point are well-spread out over the population domain.

The order is most conveniently expressed in terms of a base 4 fraction, with the fraction expressing the
relative postioninthe sysematicaly ordered list. Thus, thefirst four pointscorrespond to thefractions (0.0,
0.1, 0.2, 0.3)4 = (0, 1/4, 1/2, 3/4),o. Stepping down a subquadrant level corresponds to adding a digit
position to the base 4 fraction, which wefill inin such away as to spread the sequence of points over the
population domain. The patternfor thefirst 16 pointsisshownin Table 1. Notethat the order corresponds
to the ranking obtained by reversing the sequence of base 4 digits, and treating the reversed sequenceasa
base 4 fraction.

order | base | reverse | order | base | reverse || order | base | reverse || order | base | reverse
4 base 4 4 base 4 4 base 4 4 base 4

1 0.00 | 0.00 5 0.01 | 0.10 9 0.02 | 0.20 13 0.03 | 0.30

2 0.10 | 0.01 6 011 (011 10 012 | 0.21 14 0.13 | 0.31

3 0.20 | 0.02 7 0.21 | 0.12 11 0.22 | 0.22 15 0.23 | 0.32

4 0.30 | 0.03 8 031 | 0.13 12 0.32 | 0.23 16 0.33 | 0.33

Table 1: Generation of reverse hierarchicad order.

We can continuethis same pattern of adding digit positionsthrough as many positions as necessary to order
the entire sample. We call the resulting order reverse hierarchical order. It remainsto show that reverse
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hierarchica order doesindeed give agpatialy-wedl-baanced samplefor anym £ M. Clearly thisisthe case
for m = 4% sincein that case, the reduced sample can be viewed as a sample selected from a complete
GRTSdedgn. Stevens (1997) derived an andytic expresson for the pairwise inclusion density for some
specid intermediate cases. Here, we investigate the spatia baance properties usng smulation.

3. Spatial properties of GRTS sample points

We can view the sample as a sochastic point process, and use some of the descriptive tools for point
processes to investigate the spatial balance, or regularity, of the point process. A variety of Satisticshave
been proposed to assess the regularity of apoint process. One class of descriptive statisticsis based on
counts of event points within cdls of a regular grid covering the process domain. The mean count is a
measure of the process intendty, and the variance of the counts is a measure of the regularity.

Unfortunatdy, the choice of grid size effects the interpretation of the results. Another classis based on
distances between points, e.g., distance to nearest neighbor. Ripley (1976, 1977) used theK function, first
introduced by Bartlett (1964), to summarize the spatial dependence of a point process over a range of

scales. TheK function isdefined as

E{ number of extraevents within adistance h of arandomly selected event}

K(h)= :
E{ number of events per unit area}

A common way of characterizing a 1-dimengona point process is via the inter-event distance, e,g,, the
inter-event time for atime series. An anaogous concept isthat of Voronoi polygons, For a set of event
points { s, s, - s« }in a2-dimensona domain, the Voronoi polygon for the i™ point isthe collection of
domain pointsthat are closer to s thanto any other 5 inthe set. Themean areaof theVoronoi polygonsis
the reciprocal of the mean intensity of the process, and the variance of the polygon areaisameasure of the
regularity of the process.

For the kinds of applicaions tha we have in mind, the domain boundary is an intrindc aspect of the
population. Thus, the interplay of sampling design and boundary on properties of the sample cannot be
ignored. Contrary to the usud practicein spatid point process theory, we do not assume that the sample
pointsarearedization of astationary process. (Obvioudy, for anon-congant sampleintendty function, the
point-generation processis not sationary). Furthermore, we make no attempt to remove the influence of
the boundary on the various statistics used to describe regularity. For small to moderate sample sizes, and
for highly irregular domains, the domain boundary can have substantia impact on the distribution of any
datistic used to describe regularity.

The K functionisagood tool for examining spatial dependence of aprocess over arange of spatial scales.
However, it is not particularly suitable for comparing spatid properties of sampling designs with the same
number of points. Because the number of points is congtant (or nearly s0) between the different design
options, dl of the processes generating the designshavethe sameintendty. We expect that any differencein
spatid properties will show up in afarly narrow range of scales around the common intengity. A Satistic
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that focuses on that range should provide more indght into the regularity of the generating process. Thus,
we expect that the variance of the size of the Voronoi polygons to be more sengtive than the K function.

For our smulation study, we selected 1000 samples of size M =256 from the unit squareusingthe GRTS
design and ordered the samples using the reverse hierarchical order. For each m, 10 <m £ M, we
cdculated the variance of the Size of the VVoronoi polygons around each point in them-point sample. We
did the same, except for the reverse hierarchica ordering, for an SRS design. We evauate the spatid
balance by the ratio of the GRTS variance to the SRS variance, S0 that aratio less than 1 implies more
regularity than SRS. In order to modd imperfect frame information, we created domains with anumber of
randomly-located, square holes. The holes represent non+target or access-denied eements that were a
priori unknown. Samplepointsfaling inthe holeswere discarded, resulting in avariable number of sample
points in the target domain. As for the complete domain, we order the points using reverse hierarchica
ordering, and then caculated the regularity measure (the variance ratio) as the points were added one a a
time.

We used three different digtributions of hole sze: congtant, linearly increasing, and exponentidly increasing.
In each case, the holes comprised 20% of the domain area. Figure 2 showsthe placement of the holesfor
each scenario, and Figure 3 shows the variance ratios for dl four scenarios. no voids, exponentialy
increasing, linearly increasing, and congtant Sze.

In every scenario, thevarianceratio ismuch lessthan 1. Except for small samplesizes, theratio saysinthe
range 0.2to 0.4. The gradud decrease asthe sample Size increasesis due to the decreasing impact of the
boundary: asthe sample sizeincreases, the proportion of polygonsthat intersect theboundary decreases. A
amilar effect isseen with the different inaccessibility scenarios: even though theinaccessble areais condant,
the scenarios with greater perimeter cause more increase in variance.

4. Estimation

The GRTS design produces a sample with specified first order inclusion probabilities, so thet the Horvitz
Thompson (Horvitz and Thompson, 1952) estimator or its continuous popul ation analogue (Cordy, 1993 ;
Stevens, 1997) can be applied to get estimates of population characteristics. Steveny(1997) providesexact
expressionsfor second order inclusion functionsfor some specid casesof aGRTS. Theseexpressonscan
a so be used to provide accurate approximationsfor the general case. Unfortunately, the variance estimator
based on using these gpproximations in the usud HorvitzThompson or Y ates- Grundy-Sen (Y ates and
Grundy, 1953; Sen, 1953) estimator tends to be unstable. Thedesign achievesspatia baance by forcing
the pairwise incluson probability to gpproach 0 as the distance between the points in the pair goesto 0.
Even though the pairwise inclusion dengity is non-zero amost everywhere, any moderate-szed samplewill
neverthel ess have one or more pairsof pointsthat are closetogether, with acorrespondingly small pairwise
incluson probability. For both the HT and YG variance estimators, the pairwise incluson probability
gopearsasadivisor. The corresponding termsin either HT or Y G variance estimatorswill tend to belarge,
leading to ingtability of the variance edimator. Stevens and Olsen (in review, 2002) have proposed a
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variance estimator that draws on the spatid balance of the GRTS design. A variety of simulation studies
have shown the proposed estimator to be stable and nearly unbiased.

The reverse hierarchica ordering provides the ability to do inverse sampling, i.e,, to sample until a given
number of samplesare obtained in thetarget population. Thetrueincluson probability inthis case depends
on the spatid configuration of the target population, which may be unknown. However, one can compute
an inclusion probakility that is conditiona on the achieved sample Sze in the target popul ation being fixed.
For example, suppose we want M sample pointsin our domain R We do not know the exact boundaries
of R, but are able to enclose Rin alarger sst R. We sdect asampleof SzeM” > M from R using an

indusion density p scaled so that c‘p*(s)df (s)=M" . Theindusion density for the k-point reverse

hierarchical ordered sasmpleisp, (s) = 8L "(s). Usngtheindusiondensity p, , theexpected number

of samplesin Ris M, = @, (s)df (5) =) r(9)P«(S)df (S). We cannot compute My because the
R R

boundary of R is unknown, but an estimate is M, = § %—a l.(s,). Wepick k so
i pk i

that I\7I =M and base inference on p. Thus, for example, an estimate of the unknown extent of Ris

Weillugrate this usng the same inaccessibility scenarios as for the spatia baance smulation Resultsare
summarized in Table 2 In each case, the true area of Ris 0.8, so that the estimator usingp  is either

unbiased or nearly so.

Mean Estimated Domain Area
Target , ]
Sample Size Exponentid Congtant Linear
25 0.8000979 0.7969819 0.8010589
50 0.7995775 0.7979406 0.8005739
100 0.7994983 0.7980543 0.8002237
150 0.7994777 0.7997587 0.7995685

Table 2. Domain areaestimatesusing p; -
5. Discussion
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Thereareanumber of designsthat provide good dispersion of sample pointsover aspatiad domain. When
we gpplied these designsto large- scale environmenta sampling programs, it very quickly became apparent
that we needed ameans of (1) accommodeating variableinclusion probability, and (2) dynamicaly adjusting
sampleszes. Theserequirementsarerooted in thevery fundamentas of environmental management. The
fird requirement sems from the fact that an environmenta resource is rardly uniformly important in the
objective of the monitoring. There are dways scientific, economic, or politica reasons for sampling some
portions of a resource more intensvely than others. Two features of environmental monitoring programs
drive the second requirement. Firg, these programstend to long-lived, so that evenif the objectivesof the
program remain unchanged, the“important” subpopul ations change, necessitating acorresponding changein
sampling intendty. Second, a high-qudity sampling frame is often lacking for environmenta resource
populations. So far aswe know, there is no other technique for spatid sampling that “balances’ over an
intengty metric ingtead of a Euclidean distance metric or permits dynamic modification of sample intengity.

Adaptive sampling (Thompson, 1992, pp, 261-319) is another way of modifying sample intensty.
However, there are some sgnificant differences between GRTS and adaptive sampling in the way the
modification isaccomplished. Adaptive sampling increasesthe sampling intensity locally depending on the
response observed at asample point. The GRTS intengty changeis globd.

The GRTSfird order inclusion probability (or density) can be made proportiond to an arbitrary positive
auxiliay variadle, eg, a sgnd fom a remote senang platform, or a sample intengty that varies by
geographica divisons or known physica characterigtics of the target population

The computationa burden in the hierarchica randomization can be substantid. However, it need only be
carried out to aresolution sufficient to obtain no more than one sample point per subquadrant. Theactud
point salection can be carried out by treating the subquadrants asif they were dementsof afinite population,
sdecting theM subquadrants to receive sampl e points, and then selecting one population e ement at random
from among the eements contained within in the sdlected subquadrants, according to the probability

specified by p.

Thereverse hierarchica ordering addsafegturethat isimmensdy popular with thefield practitioners, namdy
the ability to “replace” samples that are lost do to being non-target or inaccessible. Moreover, we can
replace the samples in such away as to achieve good spatial baance over the population that is actualy
sampleable, even when that cannot be determined prior to sample sdlection. Of course, thisfeature does
not eiminate the non-response, nor the bias potentidly introduced by no-response. It does, however, dlow
investigators to obtain the maximum number of samplesthat their budget will permit them to andyze.

Appendix: Proof of Lemma.
Lenma: Le f:12®1 be a 1-1 quadrant-recursive function and let s ~ U(1%. Then

imE(|(9)- f (s+d)l} =0.
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Proof: If, for some n > 0, sand s+ d are in the same subquadrant Q?k,then f(s) and f(s + d) areinthe
sameinterva Jp,, so that | f(s) - f(s+ d)| £4—1n. The probability that sand s + dare in the same
subquadrant isthe same asthe probability of the origin and d = (dy, dy) being inthe samecell of arandomly
located grid with cdls congruent to Q'j‘k. For dx1dy£%1 that probability is equd to

Q"0 € Q'(d)I_
1Q0)]

onx. For D(s d)=] f(s) - f(s+ d )|, then, we have that P?)E%% 1-2"(dx+dy)+4"d.d, . Thus
o]

1-2%(dx+d,)+4"d ., Where Q'(x) denotesapolygon congruent toQ;‘k centered

the digribution function Fp of D is bounded below by

O,u£i
4n

7 ——— —

Fo(u)3 i .
] n, n 1
u 1_2(dx+dy)+4 dxd yaU>E

— —

Because D is positive and bounded above by 1,
1

10
—+

E[D(d )] = 1- ¢F, (u)du £1- | u
0 |

1 n n
(- 79)- 2'(d +d,)+4 dxdyg .

4n
For fixed n, we have that
. 1
| D £—.
N ELD(A)] £ 75

But thisholdsfor dl n, so that
LiKr@rlE[D(d)] =0.
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Figure 1. Fird four levels of aquadrant recursive partitioning of the unit square. The address
associated with the cross-hatched cdl is*213”.

Figure 2. Void patterns used to Smulate inaccessible population eements.

Figure 3. Ratio of GRTS Voronoi polygon Sze variance to SRS Voronoi polygon sSze variance asa
function of point density based on 1000 replication of a sample of size 256.
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Figure 1. Fird four levels of aquadrant recursive partitioning of the unit square. The address associated

with the cross-hatched cdl is“213".
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Figure 2. Void patterns used to smulate inaccessible population dements.
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Figure 3. Ratio of GRTS Voronol polygon Sze variance to SRS Voronoi polygon Sze variance asa
function of point density based on 1000 replication of a sample of size 256.
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